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ON AN ERROR TERM INVOLVING THE TOTIENT FUNCTION 


WERNER GEORG Nowak 


Universitat f. Bodenkultur, Institut fiir Mathematik, Gregor Mendel-StraBe 33 
A-1180 Wien (Austria) 


(Received 27 January 1988; after revision 16 September 1988) 


This paper provides a mean-square result on the error term E(t) in the 
asymptotic formula 


> Fe eee (3 
¢ (n) = “9x4 (3) t— slogt-a + EW 
nSt 
where ¢(n) is Euler’s totient function and ¢, an effective constant. It is 
proven that 


j (E(t))’ dt = Cx + O (x4!5 (log x)3/5 (log log x)®/5) 
0 


with C x 0,546, 


1. INTRODUCTION 
For a positive integer 7, let as usual ¢ (n) denote the number of positive integers 
m <nwhich are coprime to n. The rough observation that ‘¢ (nm) is on average of the 
order n’ was supported in classic times by the asymptotics 


S ant = ©, x + H(x), H(x) = 0 (log x) (1) 
nsx 
and 
s ; 315 Bee tars) “s 
at = SEO) x + EAC, BT) = O (logs a 
nsx 


see e. g. Landau? and Pillai and Chowla4. The error term H (x) was subject of a 
detailed study in the sequel: It was shown that H (x) = O ((log x)?/3 (log log x)4/3) 
(see Walfisz11, p. 114), and that H (x) has a significant oscillation behaviour, displayed 
by the mean-value results 


f H (t) dt = O (x exp (— ¢ (log x)3/5 (log log x)~1/5)), c > 0 3) 
0 


(see Suryanarayana and Sitaramachandrarao® 9) and 
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...(4) 


xz 

; l 
| H ()dt~ zy x 
0 


(see Chowla! and, more recently, Pétermann® for a quantitative version). 


A thorough investigation of E* (x) was initiated only a few years ago by 
Sitaramachandrarao®”’. He proved that 
E* (x) = — }logx— + ( ted log Jenn > sy) + E(x) ...(5) 
PP) 
Dp 


(here y denotes the Euler-Mascheroni constant and the sum extends over all primes p), 
where E (x) = O ((log x)?/8) and 


i E(t) dt = O (x4/5), 6) 


In the present note we study the asymptotic behaviour of the mean-square of 
E (t), showing that 


E2 (t) dt ~ Cx 


o—& 


(with a constant C > 0) which, together with (6), sheds some light on the oscillating 
nature of E(t). More precisely, we prove the following. 


Throrem—Let E (t) be defined by (2) and (5), then we have the asymptotic 


J E*(t) dt = Cx + O (x4/5 (log x)3/5 (log log x)&/5). md 8 
where 
ae a4 3 2 ey a 
D 


2. Some TECHNICAL TooLs (see Walfisz!®) 
Lemma A—For a large real parameter y, 


co 
~ & - (uv)! | umn | -1 =] oO 
ISmnsy uv=1 | | (y log y) 
umn 
x = )-1 
uv)~1 (um a)-lsce 
lSmnsSy uv=1 ( Sapa O (¥). 
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Lemma B—For arbitrary positive integers m, n 


co 
m2 (m,n)? 


=]. 
(uv) 6 mn 


uvel 
um=0n 


where (. , .) denotes the greatest common divisor. 


Lemma C (cf. Chowla!)—Let cn denote some arithmetic function satisfying 
cn = O(n‘) for every « > 0, and put gn = Xca. Then we have 
din 


co 


8 





cu Cv (u, v)2 (uv)-2 = o>, g. n-2, 
wun n=1 
3. PROOF OF THE THEOREM 
For t > 3, we put y(t) = 14/5 (log t)-2/5 (log log t)"4/°, then it has been 
proved in Sitaramachandrarao’, formula (4.5), that (in our notation) 
E(t) = — S(t) + O (t-1/5 (log 1)3/5 (log log 1)®I5) PREM 
where 
p2 (n) ( t 
t: = Pi — 
A > ¢ (n) n 


1Snsy(t) 


p is the Moebius function and P (w) = w —[w] — 4. (Properly speaking, this result 
was given in Sitaramachandrarao$ for ) (t) = ¢ [t1/5 (log 1)2/5 (log log t)4/5]-! instead 
of y(t), but we easily infer from (¢ (”))-! = O (n-1 log log n) (see e. g. Prachar®, p. 


24) that 
p2 (n) ae i 
3 sore Gee 
y(t)<nSj(t) 


Now choose a constant a such that y (t) increases for f 2 a and let z denote the in- 
verse function of y; furthermore, put M = M (m, n) = max {z (m), z (n), a}. Then we 


have forx >a 


coerm from FS Asia ra) ee) 
’ @ mnsylt 


_v2 (m) 22 (x) ...(10) 
rr yar eee 





m,n<y(x) 
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where 


x 


Loe AE | ‘) dt. 


By classic results on Fourier series, 





co Zz 
I(m, n) = a >) (uv)-1 | sin (2m u ~) sin (2nv ~) dt 
u’onm1 M 
l < 7 
a zz > wy ([ cos ( 201 ( _—~ oY) at 
uv=1 M 
u yv 1 < 
2 | cos (2nt ( fone x) at) — =>, (uv)-1 (x — M) 
M ol 
uUum=vn 
~ Ke ‘ 
+ o( SS Cig Bi) ores = + > (uv)-1 
u,v=1 u,v=1 
um~vn 
u yy 
. (4 2. ) ) (1) 
Using again that (¢ (n))-2 = O(n-1 log log n) and appealing to Lemma A, we thus get 
eels p2 (m) 22 (n) . 
M(%) = +5 >S ~d(m) b(n) &~M (mn) BS (uy)71 
mn Sy(x) u,v=1 
um=vyn 
+ O(y (x) log x (log log x)?). 
By Lemma B, 
1 2 
pie le pH? (m) v2 (n) 
a= TD mea at tn) en 
m,nSy(x) 
+ O (y (x) log x (log log x)2), ..-(12) 


Furthermore, we easily deduce the estimates 


w2 (m) 2 (n) (m, n)2 
m = ¢ (m) ¢ (n) MESUM, 2, mn S log log x)? 
= mSnSy(x) 
(equation continued on p. 541) 
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x (m, n)2 m-2 n-3/4** S (log log x)2= Es d-3/At« 
d 


Sy(x) 
>» m2 n-3/4t* S (yp (x)1/4t20 ...(13) 
m<n<ed 
d 
and 
p22 (m) p2 (n) (m, n)? 
on ee | ——_—_——————— 
dime) mm 
max(m,n) > y(x) max(m,n)> p(x) 


x (m, n)2 (m ny7/4 < x SF g-3l2 SS omo77/4 


<x >) d-3/2 min(( 7” )4) < x (y (x))-1? 


d=! 
< x3/5+¢ .-.(14) 
Thus (12) may be simplified to 
Qo (x) = Cx + O (y (x) log x (log log x)?) efi) 


where 


ot _p2(m) p(n) (m,n) 
phen Lay ~¢ (m) o(n) mn ~* 


m,n=1 
Going back to (9) and applying the Cauchy-Schwarz inequality for integrals, we 


obtain 
{ E2 (t) dt = Cx+ O («4/5 (log x)3!5 (log log x)®!5) 
0 


which is just the assertion of our theorem, apart from the representation of the con- 
n 
stant C. To evalute the latter, we apply Lemma C with cn = p» 2 (n) +0) 


By multiplicativity, 


= >) 8 ze - 1 SaT 








min pin 
and 
66 oo 
] ee ee pigs 4) ( (2 wid 2 > 2 ) 
Cas D> me" -z Il p-i) f 
n=1 Pp k=1 


(equation continued on p. 542) 
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1 phi=3 2p) 4 ae eH (- es 
~~ Qa I (p — 1)? (p + 1) 202 p Pp? 
Dp Dp 








«(= FY) 


which completes the proof of our theorem. 
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A FIXED POINT THEOREM FOR GENERALIZED CONTRACTION MAP 


A. CARBONB!, B. E. RHOADES? 


AND 


S. P. SinGH® 


1Dipartimento di Matematica, Universita della Calabria, 
87036 Arcavacata di Rende (CS), Italy 


2 Department of Mathematics, Indiana University, Bloomington, IN, U.S.A. 
3Department of Mathematics & Statistics, Memorial University, St. John’s, NF, 
Canada, AIC 5S7 
(Received 16 July 1987; after revision 2 November 1988) 


In this paper we prove a fixed point theorem for a generalized contraction 
map introduced by Altman and then derive a few known results as 
corollaries. 


Altman? proved the following interesting theorem : Let x be a complete metric 
space and f : xx a generalized contraction, i.¢., 


d (fx, fy) < Q (d (x, y)) for all x,y € X, 
where Q satisfies the following : 
(a) 0 < Q(t) <1, forall t € (0, 4), 


(b) g(t) = t(t — 2 (t)) is nonincreasing, 
t 
(c) fe (t) dt < © 


and 
(d) Q is nondecreasing. 
Then f has a unique fixed point (see also Altman?). 


Recently Watson et al.6 pointed out that the fixed point is not necessarily unique 
under conditions (a), (b) (c) and (d). Carbone and Singh? gave a suitable example 
showing that the fixed point is, indeed, not unique. 


Watson et al.6 proved a theorem for a pair of mappings showing that Fx = Gx 
has a unique solution under a set of conditions, where F is a generalized contraction 
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and G is an expansive map. Their theorem improves a result due to Norris and 
Sehgal#. 

Our aim is to prove the following theorem and to derive a few known results as 
corollaries. 


Theorem |\—Let X bea complete metric space and let /,h: X¥ — X be con- 
tinuous functions such that 


d (hx, hy) < Q (m(x, y)) for x, », © X 
where 
m (x, y) = max {a (fx, fv), d (fx, hx), d (fy, h yy OF ALY Fe 
Also suppose 
(i) f and A are weakly commuting, i.e. 
d (hfx, fhx) & d (fx, hx), and 
ii) A(X) C f(X). 


Then f and A have a unique common fixed point. (i.e., there exists x9 € X such 
that fxo = xo = Axo). 


In this case Q satisfies the following : 

Q is a real-valued function such that 

(a) 0< O(y) < yfory> 0, and O (0) = 0, 

(b) 8 (») = yi(y — Q (9) is nonincreasing on (0, ©9), 
1 

(c) H & (y) dy < © for each yy > 0, 

and 


(d) O()) is nondecreasing. 


Proor : Suppose x and y are distinct common fixed points of f andh. Then 
m (x, y) > 0, since Ix # hy. Hence, 


d (hx, hy) & Q (m(x, y)) 
< max {d (/x, fy), 0, 0, d (fx, Sy}, 


a contradiction, 


To prove the existence, take xo in Y and set 41 = d (hxo, fxo). Suppose ty = 0. 
Then 


d (hhxo, hxo) < Q (m(hxo, x0) 
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where 
m (hxo, Xo) = max {4 (fhxo, fxo), 4 (fhxo, hhxo), d ( fxo, hxo), 
d (fhxo, hxo) + d (fxo, hhxo) } 
=) 5 eee oo eee f 


Since f and A are weakly commuting and fxp = Axo, 
we have 
d(fhxo, hhxo) = 0. 
Hence 
m (hx, Xo) = d (hhxo, hxo). 
Note that m (hxo, xo) must be zero, otherwise m (hxo, xo) > 0 would imply 
d (hhxo, hxo) & Q (m(hxo, xo)) < d (hhxo, hxo) 
a contradiction. 
Thus m (hxo, Xo) = 9, i.e., Axo is a fixed point of h. 
But then 
Sfxo = fhxo = hhxo = hxo = fxo 
i.¢., 
{xo = hxo is a fixed point of f. 


We may assume, now that 4; > 0. Since A(X) C f(X) there exists an x1 € X with 
fx, = hxo. In general, define {xn} C X so that fxn = AxXn-1,n > 1. 


Without loss of generality we may assume that fxn 4 hxn for each n. For if 
fxn = hxn for some n, then a repeat of the above argument, with xo replaced by xn, 
yields fxn as a common fixed point of f and h. 


Define {tn} by tny1 = Q (tn), with 4 = d (Axo, fxo). It then follows by assump- 
tion a) of Theorem | that 


(i) 0 < Inui G1n <th,n > 1. Moreover, by hypotheses (b) and (c), the series 
= tm converges (see Altman!). Furthermore, by induction on » € N, we have 
n? | 


(ii) d (hxn, hxn-1) S tn41, n 2 1. 


Indeed, for n = l, 


d (hxi, hxo) < Q (m(x1, Xo)) 


where 
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m (x1, Xo) = max Ja (fx1, fx), 4 (fx1, hx1), d (fo, Axo); 


d (fan fo) + 4 (fan ha} 
2 


= max {4 (hxo, {xo), 4 (hxo, hx1), d (xo, hxo), d soe hx) } 


= max {d (hxo, fxo), d (Axo, hx1)} > 0. 

Now, if m (x1, xo) = d (Axo, hx1), then 

d (hx1, hxo) € Q (m (x1, x0)) < d (Axo, hx1) 
a contradiction. 
Then 

m (x1, X0) = d(hxo, fxo) = hh. 
Thus (ii) is proved for n = 1. 

Assume now that (ii) holds for some n > 1. Then 
d (hXn41, AXn) < Q (m (xn41, Xn)), 


where 
mM (Xn41, Xn) = max {4 ( fxn+1, fxn), d (fxna1, hxn41), d (fxn, hxn), 


d ( fxns1, hxn) + d ( fxn, hxn.1) } 
2 


= max {d (hxn41, hxn), d (hxn, hxn-1)}. 


Note that by the assumption fxn + hxn for all n,m (Xn,1, Xn) > 0 for alln. If 
Mm (Xn+1, Xn) = d(hxn41, hxn), then we get 


d (hxn+1, Axn) < Q (m (xns1, Xn)) < d (hxnga, hxn), a contradiction. 
Therefore, 
mM (Xn41, Xn) = d(hxn, hxn_1) 


and 


d (hxn41, hxn) < QO (d (hxn, hxn-1)) 
SQ (tn,1) = tn42. 


Clearly {hxn} is a Cauchy sequence. In fact 


: if mand nare natur 
with m <n, then ; tural numbers 
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n-1 n-1 
d (hxm, hxn) < = d (hxi, hxi,1) GE tye. 
=m i=m 


The convergence of =a implies that {ixn} is a Cauchy sequence, hence converges to 


n 
a point y € X. Since hxn = fxn,1, { fxn) also converges to y. Since f is continuous 
we get fhxn > fy. But f and A weakly commute. Hence we get d (hfxn, fy) < 
d (hfxn, fhxn) + d ( fnxn, fy), and hfxn > fy. 


Since / is also continuous, Afxn > hy, so hy = fy. 


Then, a repeat of the argument at the beginning of the proof with xo replaced 
by y, yields hy = fy as a common fixed point of f and h. 


The following results follow as Corollaries : 


Corollary |\—If we replace weakly commuting by the commuting property i.e. 
fhx = hfx for allx € X,in Theorem |, then fandh havea unique common fixed 
point. Note: Recall that commuting mips are weakly commuting, but not conversely 
(see Sessa®). 


Corollary 2—If m (x, y) is replaced by d( fx, fy) in Theorem 1, then f andh 
have a unique common fixed point. 


Corollary 3—We get a result due to Carbone and Singh® by putting d (fx, fy) 
for m (x, y) and commuting for weakly commuting in Theorem 1. 


Corollary 4—In Corollary 3, if we put f = J, the identity function, then we get 
a theorem of Watson et al.®. 


Theorem | can be used to find the solution of an operator equation of the form 
hx = Gx, under suitable conditions on G. 


We state the following given in Watson et al.6. 
Theorem 2—Let h, G: X —~ X be such that 
(i) his as in Theorem | with f = /, and m (x, y) = d (fx, fy), 
(ii) d(Gx, Gy) > d (x, y) for all x, y € X and 
(iii) h (X) C G(X). 
Then hx = Gx has a unique solution z and for every 


xo € X, lim (G-1A)® xo = z. 


no 


In this case G71 A satisfies the conditions of Corollary 4 (see Watson ef al.® for 


details). 
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SEQUENCES OF MAPPINGS CONVERGING 
TO A CONTRACTION MAPPING 


THEODOR VIDALIS 


University of Toannina, Department of Mathematics, loannina, Greece 
(Received 6 June 1988) 


We consider sequences of mappings {7,} from a metric space _X into itself, 
which converge to a contraction mapping JT. We define T"*! = Ty, 7", 
T! = T, and we investigate the convergence of the sequence {7" x} for 
any point xin X, 


1. INTRODUCTION 
| Nadler! investigated metric spaces (XY, d) and sequences of functions {Tn}, 
Tn: X — X, which converge on X to a contraction mapping T with fixed point a. He 
supposed that the functions {7} have at least one fixed point for each n = |, 2, 3, ... 
and proved the convergence of the sequence of these fixed points to the fixed point a of 
i: 


In this article we consider such sequences of functions, we define T”*1 = Ty ,17"T1=T) 
and study the convergence of the sequence {7” x} for a point x in X. 


2. CONVERGENCE OF THE SEQUENCE IN A Metric SPACE 


If {Tn} is a sequence of mappings from a space X into itself then for every posi- 
tive integer 7, we define 7”*1 = Ty, T" with T! = 7). Ifn > m and n is a positive 


integer, by 7” we mean: T), = Tn Tn-1 Tn-2.-. Tm. 


Theorem 1—Let (X, d) bea metric space, let {Tn} be a sequence of functions of 
X into itself and let 7: X > X be acontraction mapping with fixed point a. If the 
sequence {7n} converges uniformly to 7, then the sequence {7 x} converges to a for 
all x € X. 


Proor : The proof is given in three steps. 
Suppose k is the Lipschitz constant of T and choose ki € R such thatO << k < ky <1. 
Step I—We shall show that for any « > O there exists an mo € WN such that 


~ 


n > mo gives : 


d(T®a,T™x)<e« (2.1) 
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for every x € X. 
Let « > 0 be given. Then for «’ = (ki — k)e > Othere exists an ip € N such that 


for every i = io we have: 


d (Ti x, Tx) < = for allx € X. 


é' 
So for i > io, if d(T'-1 a, T*-1 x) > "te =e we have: 
d (Tt a, Ti x) = d(%T*-1a, T: T*1 x) & d(M% T*-1 a, TT#-1 a) 
+ d(TT¥ a, Tr) x) od OT xy x) 


< - + kd (Ti-1 a, Ti-1 x) + + < kid (T‘-1a, Ti-1x) 





P i-1 ‘ 
and if d (T‘-1 a, T'-1 x) < ie ey it follows 
in Ti bi! i-1 i-1 LTS ke’ 
d (Tia, Tix) < + kd (T‘-1a, Ti-1 x) + Ss te 


Thus in any case there exists an 9 € WN such that for n > mo 


d(I™ x, Ta) = d(T? 70-1 x, se tio} x) 
. 0 


n-t,+1 
< max {e, k, eae (T‘o-1 x: y'o:} aj} =e, 
Step II—We will now prove that for any « > O there exists an mo such that if 
n> no 
d(T" a, a) < «. ealeces 
Choose « > 0 and e’ = (ky — k)e. Then there exists an i9 € N such that for every 


> io it follows: d (Ti x, T x)< e' for allx € YX. So if d(T*-1 a, a) > = - 
= € we have : 


d(T‘ a, a) = d(T‘ a, Ta) = d(™%Tt-1 a, Ta) < d (M% T‘-1 a, TT*-1 a) 
+ d(TT'-1 a, Ta) < e’ + kd (T*1 a,a) < kid (T* 1 a,a) 





and if 
d(Tt-1 a, é 2 
: pie ki —k 
then 
d (Tt a, a) <= ¢. +. ka (Ti-1 a, a) < = zs om” 
ie 
So finally, i 


in any case, there exists an mo € N such that for n > mo it follows: 


d(T" a, a) < max {e, os a(T° a,a)} =e 
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Step III—Now by (2.1) and (2.2) if fore > 0 we choose N = max {no, mo}, 
then forn > N we have: 


d(T x,a.) < d(T" x, T” a) +d(T"a,a)<e+te 
and the theorem is proved. 


The following example and Example 2 of the next section show that we can not omit 
from the assumptions of Theorem | either that 7 is a contraction mapping or that the 
sequence {Tn} converges uniformly to T. 


Example 1\—X = R, Tn x = 2x — 3 — I/n, Tx = 2x — 3, andthe distance 
function d is the ordinary euclidean distance on the line. Thus {7} converges uniformly 
toT but lim 7" x = + coif x > 4, 


nao 


3. CONVERGENCE OF THE SEQUENCE IN A LOCALLY COMPACT MeTRIC SPACE 


Theorem 2—Let (X, d) be a locally compact metric space, let {7} be a sequence 
of contraction mappings of X into itself and let 7: ¥ ~ X bea contraction mapping 
with fixed point a. If the sequence {7x} converges pointwise to T then there exists an 


r > Oand a positive integer mo such that lim Tes x = a for every x E K (a,r) 


no 
= {x:d(a,x) <r}, whenever m > mo. 


Proor : Choose r > 0 such that the set K (a, r) is a compact subset of X¥. From 
the equicontinuity property it follows that the sequence {Tn} is uniformly convergent 
on K (a, r). We choose mo such that if n > mo then 


d(Tn x, Tx) < (1 — k)r 
for all x € K (a, r), where k < 1 is the Lipschitz constant for 7. Then ifn > mo 
and x € K (a,r) we have: 

d(iax, a) <4 (Tnx, Tx) + d (Tx, a) <Q. - k)r+kr=r 
and thus if n > mo, Tn maps K (a,r) into itself. Now we take ki € R with 


0 < k<k; < 1, and let e > 0 be given. Then there exists an N € N, N > mo such 
that n > N implies 


d (Tn x, Tx) < ¢ = (ki — k) 


pod eer ‘4 
for allx € K (a, r), so that for these x and fori — 12 N>m2 imo if d (T x, a) 


‘ 


> =i we have : 





d(T‘, x,0) <d(T% T.,) x,TT,,* x) +4 (TT, * x, Ta) 


m 


<¢ +kd (Ti x,0) <kid(T,,' x) 
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i é’ : 
and if d (T', |x, a) < "=; it follows 


d(T’ xy a) << eee Ray he 


m 


Thus in both cases there exists an 7) € G7, no > N, such that” > no gives 


d(T” x,a) < max {e, k Watt x, a)} =, 

We now give an example which shows that in non-locally compact spaces a sequ- 
ence of contraction mappings {7n} may converge pointwise to a contraction mapping 
T with fixed point a, but for every r > 0 and every positive integer mo, we can find 


an x € K(a,r)suchthat the sequence {T" x} does not converge to the point a. We 


My 


proceed as in Nadler!. 


Example 2—Let X be an infinite dimensional separable or reflexive Banach space. 
Let X* be the first conjugate of ¥ and let T= {fE€ X*:||f|| < 1}. Then T is 
weak* sequentially compact. Since X is infinite dimensional, there is a sequence {gx} 
of linear functionals in T which has no norm convergent subsequence. Let {gx} bea 
weak* convergent subsequence of {gz} and let g be the weak” limit of {gk,}. For each 
i = |, 2, 3, ... let 


Say" 8 
i = 
hers Ee 
The sequence { fi} is weak* convergent to the zero linear functional and lf | = 1 for 
alli = 1, 2,3,. 


For each i = 2, 3, ... let az © X such that la¢|| = 1 and 


| fi (ai) | ell Ses “~* a ) 
and define 71 : X — X by 
] 
hix= (1 roe is ) A@) ata 


for allx € X. It is easily seen that {Ti} converges point-wise to the zero mapping. 
Since 


IN x— Tl = (1-5 )ip@— — FO) | lata < (1 a 


13 


lx — ll 
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for all x and y in X, 7% is a contraction mapping for each i = 1, 2, 3, ... and we have 
n = | l ‘ , l 
Tm x=(1- se) (1- ot 5) (1 - sa) fm (2) fos 


x (am+1) ‘...” fn (Gn) Anyi 
with 


a )('- sa) Vfmex) | > 4( 1 x) 
x | fm (x) |. 


We conclude with an analogue of Theorem 3 of Nadler! which characterizes finite 
dimensional spaces. 


IT" x > (1 be 


i=mr1 


Theorem 3—A separable or reflexive Banach space X is finite dimensional if and 
only if whenever a sequence of contraction mappings of ¥ into X¥ converges pointwise 
to a contraction mapping T with fixed point a, then there exists an mo € Nand an 


r> Osuchthat lim 7” x = a forall x € K(a,r) whenever m > mo. 
nwo m 


Proor : Thecondition is obviously sufficient, since every finite dimensional 
Banach space is locally compact and thus Theorem 2 applies. The converse assertion 
follows from Example 2. 
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In this paper, we obtain various characterizations of Noetherian regular 
rings. 


1. INTRODUCTION 


It is well known that in a commutative ring with identity, every radical ideal can 
be represented as an intersection of prime ideals. In general, the representation is not 
unique. Here we observe that this is true in the case of Noetherian regular rings 
(Throughout in this paper ‘‘regular’’ means “‘Von Neumann regular’). We charac- 
terize Noetherian regular rings by means of saturated sets. Using this characterization 
we also prove that a commutative ring with identity is Noetherian regular if and only 
if it is semiprime in which every non unit is a zero-divisor and the zero ideal is a 
product of a finite number of principal ideals generated by semiprimary elements. 


Throughout R denotes a commutative ring with identity. We now recall some 
definitions. 


A nonempty subset S in R is said to be saturated if for any x,y € R,x,yES 
if and only if xy € S. A proper saturated set S is said to be maximal if S is not con- 
tained in any proper saturated set of R. 


It is easy to see that maximal saturated sets always exist in R. 


Let S (R) denote the set of all saturated sets of R. For any collection of S,’s in 
S(R), define VS. = {x € R| xy = fay fay +» fay for some y E R and fe, © Su,}. 
Then (S (R), V, A) is a lattice with ‘V’ as the supremum and set intersection ‘(1)’ as 
the infimum. For anya € R, the principal saturated set generated by ‘a’ is the inter- 
section of all saturated sets containing ‘a’ and is denoted by [a). Infact [a) = {x € 


R | xy = a” for some y € Randn € Z+ U {0}}. It can be easily seen that [a) is the 
smallest saturated set containing a. 


An ideal A of R is said to be a radical ideal if A = VA={xE R|xX®E A 


for some n € Z*}. All ideals are assumed to be proper. For any a € R, the principal 


rs generated by a is denoted by (a); P(R) denotes the set of all prime ideals 
of R. 
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2. NOETHERIAN REGULAR RINGS 


We obtain various characterizations of Noetherian regular rings. We shall begin 
with the following lemma. 


Lemma 1—Let R be semiprime and let F be a maximal saturated set in R. If 


n 
2 ai € Fthen a € F for some i. 
= 


Proof: Suppose at & F for alli = 1, 2,...,n. As F is a maximal saturated 


n 
set, we get ai fi = 0 for some fi € F,1 <i <n. Therefore( Il fi) a = O for 
. 1=i 


1 it 
i = |, 2, ...,m andso ( MI fi) (2 ai) = 0. Thus 0 € F, a contradiction. Hence ai € F 
for some i. 


Remark 1: Tae above lemma shows that the complement of any maximal 
saturated set in a semiprime ring is always a prime ideal. 


Theorem 1—R is regular if and only if Ris semiprime satisfying any one of the 
following two conditions : 


(i) the complement of every maximal saturated set in R is a maximal ideal; 
(ii) the complement of every maximal ideal in R is a maximal saturated set. 


Proor : It can be easily seen that the conditions (i) and (ii) are equivalent ina 
semiprime ring R. If R is regular then R is semiprime and every prime idealin R is a 
maximal ideal and hence by the above remark R satisfies condition (i). Now we 
assume that R is a semiprime ring satisfying condition(i). Let x € R and T (x) 
= {y © R| xy = 0}, D(x) = {y © R| (x) + () = RK}. IF T(x) DN D(x) # ¢ then 
we are through. Suppose T(x) ( D(x) = ¢. It is easy to verify that T (x) is an ideal 
and that D (x) is a saturated subset of R. Let Y = {SE S(R)| D(x) CS, 
S 1 T(x) = ¢}. Partially order & by set-inclusion. By Zorn’s lemma, & has a 
maximal element, say F. If x & F then (FV [x)) \™ T (x) ¢. Hence there is an 
element y € T (x) such that y © FV [x). As xy = Oand y € FV [x) we have fx™=0 
for some f € F so that F () T (x) + ¢ which is impossible. Therefore x € F. Now 
we show that Fis a maximal saturated set. Let F C G for some saturated set G of R. 
Choose z€ G—F. Then (FV [z)) ( T(x) # ¢ and so there exists an element y € T(x) 
such that y € FV [z). Since R is semiprime it now follows that fzx = 0 for some 
f€F. Clearly fx € F C Gand hence 0 = fzx € G. Consequently G = R., This 
shows that Fis a maximal saturated set. Now by condition (i), R—F is a maximal 
ideal and x & R—F,so(R—F) + (x) = R:ie., (y) + (x) = Rfor some y € R—F, 
so y € D(x) which is impossible since D(x) € F. Hence T (x) 1) D(x) # ¢. Thus 
every principal ideal is a direct summand and hence & is regular. 


Theorem 2—R is Noetherian regular if and only if Ris semiprime and (*) every 
radical ideal has a unique representation as an intersection of prime ideals. 
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Proor : Suppose R is Noetherian regular. Then R is semiprime and R contains 


n n 
only a finite number of prime ideals. Let / be an ideal in &. Then / = said = a Ps, 


m m 4 a 
where Pi’s are prime ideals in R. If / = (\ Qi = res Qi where Qj’s are prime ideals 
i=] = 


in R, then it can be easily seen that each Pi = Qs for some j and each Qj = Pt for 
some i. This shows that the representation is unique. 


Conversely assume that R is semiprime satisfying condition(*). First we show 
that every radical ideal is principal. Let / be a radical ideal. Put J = ™ {P € P(R) | 
I¢ P}. Since R is semiprime, clearly JJ = - {P| P € P(R)} = (0)so that 
I (\ J = (0). We show that /+J= R. If 1+ J+ R then] + J C Po for some 
prime ideal Pp of R. ThaanJ = M{P|J/¢ P}=(M {P|1¢& P}) M Po so that J 
has two representations. It now follows that 7+ J = R. As 1+ J = Rand 
I 1) J = (0), clearly J = (e) for some idempotent e € R. 


Now let / be any ideal. Then by above observation, we get 1/7 = (e) for some 
idempotent e € R, and hence / = (e). Thus every ideal is principal and also for each 
a € R, (a) = (e) for some idempotent e € R. Hence R is Noetherian regular. 


Remark 2: Ina principal ideal ring R, every radical ideal need not have a 
unique representation as an intersection of prime ideals. For example, in Z the zero 
ideal is a prime ideal which can also be expressed as the intersection of all non-zero 
prime ideals of Z. This shows that regularity is essential in the above theorem. We 
also note that semiprime rings need not satisfy the condition (*). 


Remark 3: Any ring R satisfying (*) need not be semiprime. For, in the ring 


of integers modulo 4, the ideal (2) is the only radical prime ideal and 2 is a nonzero 
nilpotent element. 


Definition—A nonzero element a € R is said to be an atom if for each x € R, 


x" a” = 0 for some positive integers n, m or a® = xy for some positive integer n and 
for some y € R. 


Lemma 2—A nonzero element a € Ris an atom if and only if [@) isa maximal 
saturated set in R, 


PROOF : Suppose ‘a’ is an atom. Let [a) C F for some 
R. Let x € F. Then x” a™ 0 for all n,m € Zt 
andy € R. This shows that x € {a} and hen 
saturated set. 


proper saturated set F of 
so that a" = xy forsome n € Zt 
ce F = [a); ie, [a) is a maximal 


Conversely assume that [a) is a maximal saturate 
then a” = xy for some »y € R and so we are through. If x & [a) then [a) V (x) = [0) 
so that 0 = fg for some f € [a) and g € [x). Now fyy = a™ and &¥2 = x" for some 
y1, ¥2 € Rso that x" a™ = 0 for some n,m € Z*, This shows that ‘a’ is an atom. 


d set. LletxE RIfx Ee [a) 
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Lemma 3—If every prime ideal of R is a principal ideal generated by some 


idempotent element then every ideal is a principal ideal generated by some idempotent 
element. 


Proof follows by applying Zorn’s lemma. 
Theorem 3—The following statements are equivalent : 


(i) R is a Noetherian regular ring; 


(ii) R is semiprime and every maximal saturated set is principally generated by 
some idempotent element; 


(iii) R is semisimple and every maximal saturated set is principal. 


Proor : (i) > (ii). Suppose (i) holds. Clearly R is semiprime. Let F be a 
maximal saturated set. Then by Theorem |, R—F is a maximal ideal and so R— F=(e) 
for some idempotent e € R. Weobserve that 1—e € F. We now show that | —e is an 
atom. Let x € R. Suppose x (1—e) + 0. Then x & (e) and so (x) + (e) = R since (e) 
is a maximal ideal. Now 1 = xy + ey, for some y, 1 € Rso that |—e = x (l—e)y. 
This shows that l1—e is an atom. It now follows from Lemma 2 that F = [l— e) 
where | —e is an idempotent. 


(ii) > (iii). Suppose (ii) holds. Leta E 1 {M| M is a maximal ideal of R}. 
Assume a + 0. Then [a) C [e) for some maximal saturated set [e) where e is an 
idempotent. Clearly | —e is not a unit and hence there exists a maximal ideal M such 
that 1-e € M. Now aa = e for some ai E R. Since a € M it follows thate € M 
and hence we get | € M, a contradiction. Therefore we must have a = 0 which 
shows that R is semisimple and hence (iii) follows. 


(iii) > (i). Suppose (iii) holds. We first show that R is regular. Lex x € R. 
Write T (x) = {y © R|xy = 0} and D (x) = {fy E R|\ (x) + (0) = R}. If 
T (x) X D(x) #¢ then we are done. Assume T (x) N D(x) = ¢. By the same 
argument as before, we can get a maximal saturated set F such that D(x) C F and 
x € F. As F is a maximal saturated set, F = [a) for some a E€ R. Since R is semi- 
simple, P + (a) = R for some proper ideal P of R. Also P + (a”) = R for any 
n € Zt. In fact we can have (p) + (a") = R for some p € P. Clearly p & F. Since 
F is a maximal saturated set, R being semiprime we get ge ap = 0. Alsox € Fso 
that (a”) C (x) and hence (x) + (p) = R; ie, PE D (x) C F. This shows that 
0 = ap € F,acontradiction. Therefore T (x) 1 D(x)  $;i.e., R is regular. 


Finally we show that every prime ideal is principal. Let P be a prime ideal. 
Then R—P is a maximal saturated set so that R—P = [a) for somea € R. Since R 
is regular (a) = (e) for some idempotent e'€ R. We observe that P = (1 - e) and 
therefore by Lemma 3 every ideal is a principal ideal generated by some idempotent 
element. Hence R is a Noetherian regular ring. 
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Remark 4: In (ii) of the above theorem the condition that “every maximal 
saturated set is principally generated by an idempotent element” is essential. Also in 
(iii), the semisimplicity of the ring is essential. These facts are illustrated in the follow- 
ing example 


Example—Consider Z(p), the localization of the ring of integers at some prime 
ideal (p). Clearly the local ring Z(») is semiprime but not semisimple. It can be easily 
verified that p as anelement in Z(p) is an atom in Z(p). Obviously p is not an idem- 
potent in Z(p). In view of Lemma 2, [p) is a maximal saturated set in Z(p). Since Z(p) 
is an integral domain, it follows that this is the only maximal saturated set in Z(p). 


Definition—An element x € R is said to be semiprimary if a/ (x) is a proper 
prime ideal in R. 


Lemma 4—Let R be a semiprime ring in which every non-unit is a zero divisor. 
Let x € R be a semiprimary element. If there exists a non-zero element y € R such 
that xy = 0 then (x) + (y) = R. Moreover such a y is an atom in R. 


Proor : Suppose (x) + ()') 4 R. Then x + yis a non-unit and so (x+y)d=0 
for some d 0. Now yd € (x) C v(x) and so either » € V(x)ord€ Vi). If 
y € v(x) then »" = xx1 for somen € Zt and x1 € R. Clearly y"*1 = 0. Since R 
is semiprime we get y = 0, a contradiction. Therefore y & v(x) and sod € V(x). 
Now d” = xx2 for some m € Z+ and x2 € R and so dm y = yxx2 = 0. It follows 
that dy = 0 so that xd = 0. Thus we have 0 = xdm = XXX2 = xX? x2 from which it 
follows that xx2 = 0; i.e., d = 0, again a contradiction. Therefore (x) + (y) = R. 


Now we prove that y is an atom. Letz € Rand zy + 0. As xzy = O and 
zy # 0, by above argument we must have (x) + (zy) = 0. Therefore 1 = XX1+Zpyy 
SOY = yxx1 + zy” y, which shows that y is an atom. 


Theorem 4—R is a Noetherian regular ring if and only if R is semiprime, every 
non-unit is a zero-divisor and the zero ideal is a product of a finite number of prin- 
cipal ideals generated by semiprimary elements. " 


Proor : One implication is evident. 


Conversely assume the stated conditions. Then 0 = ay ap ... an where ai’s ER 
and ai’s are semiprimary elements. Since each ai is a non-unit, there exist bi © Rsuch 
that at bi = 0 with bk + 0 fori = 1, 2, ..., n. By the above lemma we have for each 
i, (at) + (bt) = R and each bi is an atom. Clearly (at) () (bi) 
(at) = (et) and (bi) = (fi) for some idempotents ei, 
each ei is a semiprimary element. Also e: fi 


= 0 and so we get 
fi in R, Itis easy to see that 
= 0(ft ¥ 0)so0 that fi is an atom. Now 


= (ft) + (at) = R fori = 1,2, ..-» 2. Therefore 2 fo + (a1 ... an) mot (f)+(0) 
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n 
=x R; i.e., 2 (fo = R. Without loss of generality we may assume that fi 4 fj for 


ij. Since fi’s are distinct idempotent atoms we get fi fj = 0 fori ~/j so that 


n n n 
ie (f) = C2 ft) = R. Consequently, 2 fs = 1. Now let F be a maximal saturated 


n 
set. Then 2 fi = 1 € Fand so by Lemma |, fi € F for some i. Again since fi is an 


i=1 

atom, by Lemma 2, [fi) is a maximal saturated set and therefore F = [/i) isa 
principal saturated set. Thus every maximal saturated set is a principal saturated set 
generated by an idempotent element. Hence by Theorem 3, R is a Noetherian regular 
ring. Hence proof of the theorem. 


Remark 5: In the above theorem, the condition that ‘‘R is semiprime”’ is 
essential. This can be seen by considering Z4, the ring of integers modulo 4. In Za, 


0 is a semiprimary element and 2 is the only non-unit which isa zero-divisor. But Za 
is not regular. 


Remark 6: By considering the ring of integers, we can see that the condition 
“every non-unit is a zero divisor’ cannot be dropped. 


Remark 7: Itis well known that P(X), where X is an infinite set, is a Boolean 
ring which is not Noetherian. It is semiprime and every non-unit in FH (X) is a zero- 
divisor. However, the zero ideal cannot be written as a finite product of principal 
ideals generated by semiprimary elements. 
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It is well-known that if N(z) and D(z) are analytic in the unit disc, N (0) 
= D(0) = 0 and D maps the open unit disc onto a multi-sheeted domain that 
is starlike with respect to the origin then Re (N’(z)/D'(z)) > O implies Re 
(N (z)/D (z)) > 0. In this paper we give a sufficient condition on D (z) which 
can guarantee that Re( N’ (z)/D' (z)) > Oimplies Re (N(z)/D(z)) > «> 0. 
A few interesting applications of this result are also given. 


1, INTRODUCTION 


Liberat showed that if N (z) and D (z) are analytic in the unit disc, N (0) 
= D (0) = 0 and D maps the open unit disc onto a multi-sheeted starlike region with 
respect to the origin then Re (N’ (z)/D’ (z)) > 0 implies Re (N (z)/D (z)) > 0. Various 
generalisations of this result can be found in the literature. However the examples 
N (z) = 2f'(z) where f (z) is univalently convex and D (z) = Ff (2) (which is necessarily 
univalently starlike of order 2-1) suggest that there may exist some conditions on N 
and D so that Re (N’ (z)/D’ (z)) > 0 in the unit disc implies Re (N (z)/D (z)) >« > 0 
for |z| < 1. But just the stronger assumption that D is convex will not be sufficient 
for the required implication. This will be clear if we consider the following example. 
Let D(z) = z/(1+z) (and hence D is convex) and N (z) be determined by (N’ (z)/ 
D' (z)) = (1+2)((1—z). Then (N (z)/D (z)) = (1 + z)/2z) log (1 + z)J(1 — z)) and 
this function has a limit 0 as z goes to —1 through reals. Hence there cannot bea 
positive constant « such that Re(N (z)/D (z)) > « for |z1! < 1. Thusit is interesting 
to ask whether there exists a condition on D (z) for our required implication. The aim 


of this paper is to find at least one such condition and to give some interesting applica- 
tions for this result. 


2. PRELIMINARIES 


Definition \—A function f(z) regular in the open unit disc U is said to be « 
convex for some real « if 


(f(z) f’ (z)/z) # O in U and 
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Re ((l—2) zf’ (z)/f(z) + « (1+ (zf” (z)/f' (z)))) > O in U (See Mocanu®), 


We note that «-convex functions are always starlike and for « > 1 these functions are 


in fact convex. We use the notation K (%) to denote the class of all «-convex functions 
in U. 


Definition 2—A function f (z) regular in U is said to be «-close-to-convex («>0) 


(f(z) f’ (z)/z) # Oin U and 


there exists a starlike function ? (z) in U such that 


Re ((1 — «) (2f’ (z)/@ (z)) + « ((zf’ (2))'/9’ (z))) > 0. 
The class of all such functions will be denoted by C (a) and this class generalises the 
class K (z) for « > 0. 


Definition 3—A regular function f(z) in Uis said to be a Bazilevic function of 
type « (« real) if 


(f (z)/z) A 0 in U and 

Re { f’ (z)/(f (z))1-*} > Oin U. 
We choose a suitable branch for the power function used here. This class of functions 
will be denoted by B («) (Bazilevic!), 


Definition 4—Let r = ry + ira,s = 51 + iso. Let b= ef® with | B| < 7/2. 
We shall say that a map |: C2 + C belongs to S (D) if 


(1) U(r, s) is continuous 
(2) (6,0) € Dand Re ¥ (b, 0) > 0. 
(3) Re ¥ (re i, s1) < 0 when (re i, 513) € D and 


51 S — 4 (Il — 2re sin 8 + r?)/cos B 
See Lewandowski’. 


Theorem A—Let p (z) = 1 + px z + poz? +... be regular in the open unit 
disc U of the complex plane. Suppose for each zo € U there exists a function 
vz, € S (C?) such that Re Veo (p(Zo), Zo p’ (zo)) > 0 then Re p(z) > 0 for z € U. 


Proor : Essentially the proof is the same as that of Lemma 2.1 of Lewandowski’, 
But since we have slightly changed the hypothesis we shall complete the proof. 

With the same notations as in the proof of Lemma 2.1 of Lewandowski? we 
assume that p (z) = (1 + w(z))(1—w (z))> cos 6B + isin B and claim | w(z)| < 1 


or Re p(z) > 0. If there exists a point zo = e ° & Usuch that ae : |w (z)| = 


| w (zo) | = 1, we get as in Lewandowski? that 


P (zo) = 6i, Zo p’ (zo) = d 
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where @ and d are real andd < — }(1 — 26 sin B + 6%)/cos?. But by hypothesis 
for this zo there exists a tz) U (C?) with the property that Re tz9(P (Zo), Z0 P’ (zo) >0 


and Re ¢z, (6i, d) < 0 with 6andd as above. Because of this contradiction | w(z)) 


| < | and so Rep (z) > 0 in U establishing our claim. 


3. MAIN RESULTS 


Theorem B—Let « be real and non-negative, M(z), N(z) regular functions in 
U with M (0) = N (0) = 0 and (M’ (0)/N’ (0)) = 1. Let N (z) satisfy 


Re (N (z)/zN’ (z)) > 8 (0 < 8 < 1). 
If 


M (2) M’ (z) 
Re [a= Wz) Tare (ay > 0(z € U) 


then 
Re (M (z)/N (z)) > da/(2 + 8a) (z € UV). 
Proor: Let 8 = 5a/(2 + 5a) and consider 
p (z) = (1 — B)1[(M (2)/N (z)) — 8). 
This p (z) is regular in U and p (0) = 1. Weset 
A (z) = N (z)/zN' (z) 
and observe that by hypothesis Re (A (z)) > 4. 
A simple computation shows that 


M (2) M’ 
Mig te yrch= 8 + 1-8) P(e) + = (I-B)A @) 20’ (@) 





(I — a) 


= bz (p(z), zp’ (z)) 


where z (r,s) = (1 — B)r +8 + «(1 — B)A(z)s. Now tz is continuous in C2, 
Re ¢z (1, 0) = 1 > 0 and for all (ira, 51) € C? with s; < — (1 + r$)/2 we have 


Re ¢z (ira, $1) = B + «(1 — 8) sy Re A (z) 


1+ r? 
2 


<p— «aU Ph 


SB — a (1 — B) Re A (z) 


== Q, 
Hence for each z, tz€ S (C2) and 


Re vz (p (2), zp’ (z)) > 0. 


CONFORMAL MAPPINGS 563 
Hence by Theorem A, Re p (z)) > 0 and hence | 

Re (M (z)/N (z)) > 8. 
This proves our theorem. 


Corollary 1\—If M and N are regular in U, M (0) = N(0) = 0, M’ (0)/N’ (0)=1 
and N (z) satisfies Re (N (z)/zN’ (z)) > 5 then 
Re (M’/N') > 0 implies Re (M/N) > 8/(2 + 5). 


Proor: Take « = | in Theorem B. 


Corollary 2—If f(z) € B (m) where misa positive integer then Re (f (2)]z)™ 
> 1/11 + 2m). 

Proor : Choose M (z) = (f(z))™ and N (z) = z™. Then (M‘(z)/N (z))=(f(z))™71 
f' (2)/z™-1 and (M’ (0)/N’ (0)) = 1 > 0. By Corollary | since f E B(m), Re (MIN) 
> 3/(2 + 8) whenever (1/m) > 5. But 5 can be chosen as near I/m as we please and 


so we can allow 6 > 1/m from below. Thus (8/(2+5) > 1/(1+2m) and we have 
established our claim. 


We can draw a very interesting conclusion from the following theorem. 


Theorem C—If v and ¢ are positive integers, f(z) isa normalized analytic func- 
tion in U with the property that 


Re {f’ (z)/(f (2)/z)t ¥} > — 1/2 (y +e) 
then the function F (z) defined by 


Fr(jy = TES e-1 (f (1) dt 


ze 
0 





belongs to B (y). 
Proor : We shall write 
p(z) = F (2)/(F (2)/z))-7 
and after some simplification find 


dg! = l ' 
ey ergs ta ae 
Z 


Now we shall put kK = 1/2 (y + c) and consider 
g+hA+hHh=pil+h+z'ly+od+kt+ ki +k 
= b (p, zp’) 
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where 
v(r,s) = rfl +k) + sly +c) +k) + k/( + &). 


= (ftere 
Clearly ) € S (C?) because for 51 < ae we have 


Re ¥ (ire, 51) = sif(y + c) (1 + k) + KI + &) 


— —(1 +73) ue k 
S 2 (+4) (y+oe) 1+k 


[y +c = 1/2kand — (1 +72) < — 1]. 


<= UV, 


Hence we can take {z = v forallz € U and find that Re vz (p, zp’) > 0. Hence 
Re (p (z)) > O and so F(z) € B(y) as required. 


Remark ; Under the hypothesis f need not belong to B (y) and so Theorem C 
is an improvement of a theorem in Singh’. Taking y = c = | we see that if a nor- 
malised analytic function / satisfies Re (f’(z)) > — 34 then the corresponding F 
satisfies Re F’ (z) > 0 and hence is univalently close-to-convex. This result is of 
special interest since it extends an earlier result due to Libera4. Incidentally this result 
provides an example of a non-univalent function for which the Libera transform is 
univalent. Using similar arguments we can improve several other interesting results 


available in the literature. We will illustrate this as follows. The proofs will be 
omitted. 


Theorem D—If f (z) normalised analytic function in U satisfying 
Re[(1 — «) (f(2)/z) + af’ (z)] > 0(« > 1) 
then 
Re (f (z)/z) > af(a + 2) and Re(f’ (z)) > (a — 1)/(a + 2). 
The above theorem improves some results found in Chichra?. 
Theorem E—If f € C (a) and the corresponding 9 satisfies 
Re (9 (z)/z@’ (z)) > 8 
then Re (2f’ (z)/p (z)) > 8a/(2 + Sa). 
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In this paper we have studied some properties of a Quaternion submanifolds 
of co-dimension-2. We have shown that a (1, 1)-tensor field defined by 


f=B™ F B possess the (f, g, u, v, 4) structure. We have also shown that 


F* + G* + H* 





tensor field defined by f”’ = ers —— admits an almost complex 


structure. 


1. PRELIMINARIES 


Integrability conditions of an almost quaternion structure have been obtained 
by Yano and Kon!. Upadhyay? has studied some theorems on metric-3 structure. 
Hamoui® has shown that a submanifold of co-dimension-2 admits (F, U, V, u, v, A) 
(G, U',V',u’, v’, A), (H, U", V",u", v’, A) and a most general structure. In this paper 
we have shown that a (1, 1), tensor field defined by f = B-1 FB also possess the 


(/, 8, u, v, A) structure. Some other important results have also been obtained. 


A Quaternion manifold 4" admits a set of 3-tensor F*, G*, H* of type (1,1), satisfy- 


ing}: 
Fe? =. —. J GS = =) AS ee 
(a) F* = G* H* = — H*G* 
(b) G* = F* H* = — H* F*, 
(c) H* = F*G* = — G* Fe, 


Let g* be the Hermitian matric then, we have?: 
g* (F* X*, F* Y*) = g* (X*, y*) 


where X*, Y* are arbitrary vector fields in M4. 


2. STRUCTURES IN M4n-2 


Let B represent the immersion say i; M4n-2 _, Yan, 


..-(1.1) 


.a(lea) 


Be wy 


QUATERNION SUBMANIFOLDS 567 


If C and D are mutually orthogonal unit normals. Then transformation F* BX of BX 
by F* is expressed by® : 
F* BX = BFX + u(X)C + v(X) D. ae ay 


Here X is an arbitrary vector field of M4"-2 & y. v, are 1 forms. Fis a (1, 1) tensor 

field of M4"-2, Since F* C & F* D are orthogonal to C & D respectively, hence 

(a) g* (F* C, C) = — g*(C, F* C) = 0 

Ee tace 
[Dy yee), Dimes"? (DF? D) rt a 

Now corresponding to structures F*, G*, H*, the vector fields U, U’, U’,V,V',V" 

and form yu, u’,u",v, v’ vy” and a function A such that® 


(a) F*C=— BU+AD 

(b) F*D= — BV—AC, AES 
(a) Gt BX =BGX+u'(X)C+4+v'(X)D 

(b) G*C = — BU'+AD 

(c) G*D = — BY’—AC, (2.4) 
(a) H* BX = BHX+u"'(X)C+v"(X)D 

(b) H* C = — Bu" + AD. 

(c) H* D = — By" —2C. CY, 


If E be the Induced Riemannian connection in M 4n-2 then we have Gauss and Wein- 
garten equations as follows : 


Diy BY = BEzs Y + M (X,¥)C+L(X,¥)D ...(2.6) 
where C & D are symmetric bilinear functions in M4n-2, 
Dw D = — B’L(X) — K(X) C marl oft W 


where KX is third fundamental tensor 
(a) g('M(X),Y) = M(X,Y); ..(2.8) 
(b) g('L (X), ¥) = L(X,¥) ...(2.9) 
since B is the Jacobian map of i 
such that B ; Tp (M4"~2) — Tip (M4*), 


Suppose a tensor field N on M4” which does not belong to T (M4") so N is now every 
where tangent to M4"-2. Since Bis one-one, B-1 also exists and a form N* in M4 


(Sinha and Sharma‘). 
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BB1=1,B-1B=—I+N*@N, 
N* B=0, B-1N=0, N*N=1. ...(2.10) 


3. SUBMANIFOLDS OF ALMOST QUATERNION STRUCTURE 


Theorem 3.1—Let M4"-2 be a submanifold in a quaternion manifold M4". M4”, 
Then a tensor field f admits ( f, U, u, v, A) —Structure. 


PRoor : Let us put® 

f def B-1 F* B, 
then 

f2(X) = B-1 F* BB-1 F* BY: ...3.1) 
which in view of (2.1), (2.20) and (1.1) yields : 

f? (XY) = -—-X+u(X)U+ v(XyV ...(3.2) 
also using (2.1), (9.3), (2.10) and (1.1), we can easily show that 

u(f X) = Av(X), v(fX) = — Au(X) 

f U) = —AV,f(V) = — AU, v(U) = 0 

u(U) = 1—)2, (VV) = 1— 22%, u(V) = 0. 


Theorem 3.2—The submanifolds M4"-2 of a quaternion manifold M4" admits 
the following structure 


(Ff Ue ef Ua eee) 
Proor : Let us define f’ = B 1G* Bf” = B-1 H* B respectively and using (1. 
1), (2.1), (2.3), (2.4), (2.5) and (2.10), this can be easily shown. 
Theorem 3.3—The tensor field f”’ defined by 


‘” EY + GE ; 
on Sa » admits an almost complex structure. 


Proor : We can easily show by using (1,2) that f’’2 = -- J 
g* (f" X, f"'Y) = 1/3 [g* (F* X, F* Y) + g* (G* X, G* Y) 
+ g* (H* X, H*Y) + g* (F* X, G* Y) 
+ g* (F* X, H* Y) + g* (GX, F* Y) 
+ g* (G* X, H* Y) + g9* (H* pe tg 
++. 8* (a Gera, 
Making use of (1.1) — (1.3) & (2.1); we get 


B*(f" X, f'” Y) = g* (X,Y) and 9* (/X, SY) = g* (FX, FY). 
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4. GENERAL PROERTIES 


Theorem 4.1—In M"~2 submanifold of a quaternion manifold 


M4, If (Ex F)(Y) = u(X) ‘MY — v (¥)’ L (X), then 
(D’,y F*) (BY) — (D%,,) (BX) = 0, and similar results for G* and H* 


Proor :—Using (2.1), (2,2) — (2.8), (2.10) and making use of (Ex F) (Y) = v(Y) 
‘L (X) — u (X)’M (Y), we find 


(D*., F*) (BY) — (D*, F*) (BX) = 0. (4.1) 


Similarly it can be shown for G* & H* structures. 
Theorem 4,2—In a submanifold M4"-2 of a quaternion manifold 44”, we have 
N* Dt F*C = 0, N*® pe.Ge G = 0, N* DE, 2° Gian-0 
and 
Rape. F* D — 0, ete es) a 0, VeitD H* C = 0, 


Proor : Using (2.3) — (2.2), (2.7) & (2.8) we get 


(a) B-1(D¥, F* C) = — Ex U— WL (X) 

(b) Bol (DS, F* D= — ExV — A'M(X) 

(c) Bl (D*, G* C) = — Ex U' — NL (x) 

(d) Bl (D*,G* D) = — ExV' —A’'M (X) 

(e) Bl (D*, H*C) = — Ex U" - XL (X) 

(f) B1(D*, H* D) = — ExV"— NL (X) (4.2) 


using these equation and keeping in view of (2.10) the theorem follows. 


REFERENCES 


1. K. Yano and A. Kon, Hakkaido Math. Journ. 1 (1972), 63 ze 
2. M.D. Upadhyaya, A problem in metric-3-structure. Proceedings 
3. A. Hamoui, J. Tensor Soc. India 7 (1984), 52-58. 


Iudian Sci. Congress, 1983. 


570 I. C. GUPTA AND A. K. AGRAWAL 


4, R.§S. Misra, Structures in a Differentiable Manifolds. Indian National Science Academy, 
Bahadur Shah Zafar Marg, New Delhi. 1978. 

M.P.S. Rathore and R. S. Misra, Indian J. pure appl. Math. 6 (1975), 158-165. 

M. P.S. Rathore, Ann. Fas. Sci. de Kinshasa Zairre sectinn Math. Phys., 3 (1976), 267-79. 
R.S. Mishra and R. D. S. Kushwaha, Students (1971) 346-50. 

B. B. Sinha and Ramesh Sharma, Indian J. pure. appl. Math. 10 (1978), 1083-90. 


OID in 


Indian J. pure appl. Math., 20 (6) : 571-576, June, 1989 


ON ALMOST CONTINUOUS FUNCTIONS 


TAKASHI Noiri 


Department of Mathematics, Yatsushiro College of Technology, Yatsushiro 
Kumamoto, 866 Japan 


(Received 30 August 1988) 


Some characterizations of almost continuous functions in the sense of Singal'® 
are obtained. It is shown that every nearly almost open and almost weakly 
continuous function is almost continuous in the sense of Husain®. 


1. INTRODUCTION 


Singal and Singal!® introduced and investigated the notion of almost continuous 
functions. Husain® introduced the notion of almost continuous functions. Long and 
Carnahan!° pointed out that these two notions of almost continuous functions are 
independent of each other. The purpose of the present paper is to obtain some charac- 
terizations of almost continuity in the sense of Singal and to show that every nearly 
almost open and almost weakly continuous function is almost continuous in the sense 
of Husain. 


2. PRELIMINARIES 


Throughout the present paper, X and Y always mean topological spaces and by 
f: X — Y we denote a single valued function. Let 4 be a subset of X¥. The closure of 
A and the interior of A are denoted by Cl (A) and Int (A), respectively. A subset A 
is said to be «-open!2 (resp. preopen!) if A C Int (Cl (Int (A))) (resp. AC Int(Cl(A))). 
A subset A is said to be semi-open® (resp. semi-preopen®) if there exists an open (resp. 
preopen) set Usuch that UC AC Cl (U). It is shown that a subset A is semi-open 
(resp. semi-preopen) if and only if A C Cl (Int (A)) (resp. A C Cl (Int (Cl (A)))). The 
family of all «-open (resp. semi-open, preopen and semi-preopen) sets of X is denoted 
by « (X) (resp. SO (X), PO (X) and SPO C231. 


Lemma 2.1—For a topological space X, the following properties hold : 
(i) « (X) = PO (X) M SO (X) and (ii) PO (X) U SO(X) C SPO (X). 
Proor : This follows easily from the definitions. 


The complement of an ~-open (resp. semi-open, preopen) set is said to be a- 
closed (resp. semi-closed, preclosed). The intersection of all «-closed (resp. semi-closed, 
preclosed) sets containing A is called the «-closure® (resp. semi-closure’, preclosure®) 
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and is denoted by « Cl (A) (resp. s Cl(A), P cl (A)). A subset A is said to be regular 
open if A = Int (CI (A)). The complement of a regular open set is said to be regular 
closed. 

3. ALMOST CONTINUITY IN THE SENSE SINGAL 


Definition 3.1—A function f: X¥ + Yis said to be almost continuous!6 (briefly 
a.c.S.) if for each x € X and each open set V of Y containing f (x), there exists an 
open set U containing x such that f (U) C Int (Cl (V)). 


Singal and Singal!6 showed that a function f: X¥ > Yis a.c.S. if and only if 
f+ (V) is open (resp. closed) in X¥ for every regular open (resp. regular closed) set V 
of Y. This characterization is very useful and will be utilized in the sequel. 


Theorem 3.2—The following are equivalent for a function f: ¥ > Y: 
(a) fis a.c.S. 

(b) Cl(f-1 (V)) C f-1 (C1 (V)) for every V € SPO (Y). 

(c) Cl (f-1(V)) C f-1 (C1 (V)) for every V E SO (Y). 

(d) £1 (V) C Int (f-1 (Int (Cl (V)))) for every V € PO(Y),. 


ProoF : (a) > (b): LetV € SPO (Y). By Theorem 2.4 of Andrijevic3, Cl (V) 
is regular closed in Y. Since fis a.c.S., f-1 (Cl (V)) is closed in Y and we obtain 
Cl (f-1(V)) C f-1 (C1 (V)). 

(b) + (c) : Since SO (Y) C SPO (Y), this is obvious. 


(c) > (a): Let Fbe any regular closed set of Y. Then F = Cl (Int (F)) and 
hence FE SO (Y), Therefore, we have Cl (f-1 (F)) C f-1(C1(F)) = f-1(F). Hence 
f-1(F) is closed and f is a.c.S, 


(a) > (d) : LetV € PO(Y). ThenV C Int (Cl (V))) and Int (CI(V)) is regular 
open. Since f is a.c.S., f-1 (Int (Cl (V))) is open in ¥ and hence f-1(V) Cf 1 
(Int (Cl (V))) = Int (f-2 (Int (CI (V)))). 


(d) > (a): LetV be any regular open set of Y. Then V € PO (Y) and hence 


Sith) Cnt (f-1 (Int (Cl (V)))) = Int (f-1 (V)). Therefore, f-1 (V) is open in X and 
hence f is a.c.S, 


Lemma 3.3—For a subset V of Y, the following properties hold : 


(a) «Cl (V) = C1 (V) for every V © SPO (Y), 
(b) Pcl (V) = C1(V) for everyV € SO(Y), 
(d) scl (V) 


= Int (Cl (V)) for every V € PO (Y), 
PROOF: 


(a) LetV € SPO (Y). ThenV cc C] (Int (Cl (V))) and by Theoren 2.2 


of Andrijevic? we have « C] V)=VUC (nt (Cl) = c (V). 
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(b) This follows from Theorem 2.4 of El-Deeb et al.5, 


(c) LetV € PO(Y). ThenV C Int (Cl (V)) and by Theorem 1.5 of Andrijevic?, 
we have s Cl (V) = V U Int (Cl (V)) = Int (Cl (V)). 


Corollary 3.4—The following are equivalent for a function f: X > Y: 

(a) fis a.c.S. 

(b) Cl(f-1 (V)) Cc f-1 (« C1 (V)) for every V € SPO (Y). 

(c) Cl (f-1 (V)) C f-1 (P cl (V)) for every V € SO (Y). 

(d) f-1 (V) C Int (f-1 (s C1(V))) for every V € PO (Y¥). 

Proor : This is an immediate consequence of Theorem 3.2 and Lemma 3.3. 

Long and Carnahan!° showed that if f: X¥ — Y is open a.c.S. then Cl (f~1! (V)) 
= f-1(Cl (V)) for every open set V of Y. Recently, Allam et al.1 have improved this 
result as follows if : f: ¥ > Yis open a.c.S. then Cl (f-1(V)) = f-1 (Cl (V)) for every 


V € PO (Y). The following corollary is the further improvement of the previous 
result. 


Corollary 3.5—If a function f: X¥ — Y is open and a.c.S., then Cl (f-1(V)) 
= f-1(Cl (V)) for every V € SPO (Y). 


Proor: Since f is open, Cl (f-1 (S)) D f~1 (Cl (S)) for every subset S of Y. 
Therefore, this follows immediately from Theorem 3.2. 


Definition 3.6—A function f: X > Y is said to be almost open!5 if f(U) Cc 
Int (Cl (f (U))) for every open set U of X. 


Mashhour ef al.11 called an almost open function preopen. Theorem 11 of 
Rosel5 states that f: X > Y is almost open if and only if f-1 (C1 (V)) C Cl (ff (VY) 
for every open set V of Y. It is shown in Theorem 14 of Rose!5 that f: X > Y is 
almost open and a.c.S. if and only if Cl(f-1 (V)) = f-1(C1(V)) for every open set 
V of Y. 

Theorem 3.7—A function f: X > Y is almost open and a.c.S. if and only if 
Cl ( f-1(V)) = f-1 (Cl (V)) for every V € SO (Y). 


Proor: Necessity—Let V € SO (Y). Since f is a.c.S., by Theorem 3.2 
cC1(f-1(V)) C f-1(C1 (Y)). Since f is almost open, we have 
f-1 (Cl (V)) = f-1 (Cl (Int (V))) C C1 (f-} (Int (V))) C CI (f-1 (V)). 
Therefore, we obtain Cl (f-1 (V)) = f-1 (Cl (V)) for every V € SO (¥). 


Sufficiency—It follows from Theorem 11 of Rose!5 that f is almost open. Let 
F be any regular closed set of FY. Then F = Cl (Int (F)) and hence F € SO(Y). By 
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the hypothesis, Cl (f-!(F)) = f-! (CI(F)) = f-! (F) and hence f~1 (F) is closed in 
X. Therefore, f is a.c.S. 


Corollary 3.3—A function f: ¥ + Y is almost open and a.c.S if and only if 
Cl (f 1(V)) = f- (CI (V)) for every V € « (Y). 


Proor : Since « (Y) C SO(Y) and every open set is «-open, this follows from 
Theorem 3.7 and Theorem 14 of Rose?®. 


The following question will be raised naturally : can SO (Y) in Theorem 3.7 be 
replaced by PO (Y)? Actually, it is shown in Corollary 2.4 of Allam ef al.) that if 
ff: X > Y is OPEN a.c.S. then Cl (f~1(V)) = f-1 (Cl (V)) for every V € PO(Y). 
However, the answer is negative under the condition that / is almost open a.c.S. as the 
following example shows. 


Example 3.9—Let X = {a, b, c,d} and+ = {X, 4, {a, b, c}, {a, c, ad}, {a, b}, 
{a, c}, {c, d}, {a}, {c}}. Let Y = {x, y, z} and o = {Y, 4, {x, y}, {z}}. Let f: (X, 1) > 
(Y,«) be a function defined as follows : f(a) = x, f(b) = y and f(c) = f(d) =z. 
Then / is continuous (hence a.c.S.) almost open but not open. There exists V = {y, z} 
€ PO (Y) such that Cl ( f-1 (V)) 4 f-1 (C1 (V)). 


4. ALmMost CONTINUITY IN THE SENSE OF HUSAIN 


Definition 4.1—A function f: X¥ + Y is said to be almost continuous® (briefly 
a.c.H.) if for each x € X and each open set V of Y containing f (x), Cl (f-1(V)) isa 
neighbourhood of x. 


It is easily proven that f: ¥>Y is ac.H. if and only if f-1 (V) C 
Int (Cl (f-! (V))), that is, f-1(V) E PO (X) for every open set V of Y. Mashhour 
et al.11 called a.c.H. functions precontinuous. 


Definition 4.2—A function f: X + ¥ is said to be almost weakly continuous? 
if f-1(V) C Int (Cl (f-1 (CI (V)))) for every open set V of Y. 

Levine’ defined f: ¥ + Y to be weakly continuous if for each x € X and each 
open set V containing / (x), there exists an open set U containing x such that f(U) C 
Cl(V) and showed that f: ¥ > Y is weakly continuous if and only if f-1 (VC 
Int (f-1 (Cl (V))) for every open set V of Y. Therefore, almost weak continuity is 
implied by both weak continuity and almost continuity in the sense of Husain. 


Theorem 4.3—The following are equivalent for a function f: X¥ > Y: 
(a) fis almost weakly continuous. 

(b) Cl (Int (f-1 (V))) CF 1(C1(V)) for every V € PO (Y). 

(c) Pel (fA (V)) Cc f(a] (V)) for every V € PO (Y). 

(d) Pel (f-1(V)) C f-1 (C1 (V)) for every open set V of Y. 
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PRoor: (a) > (b): LetV © PO(Y). By utilizing Theorem 3.1 of Noiri!®, we 
obtain Cl ({nt (f-1(V))) C Cl (Int (f-1 (Int (Cl (V))))) C f-1 (Cl (Int (C1 (V)))) 
= f-1(C1 (V)). 


(b) > (c): Let V © PO (Y). By utilizing Theorem 1.5 of Andrijevic?, we obtain 
Pel (f-1(V)) = f-1(V) U Cl (Int (f-1 (V))) C f-1 (C1 (V)). 


(c) = (d): This is obvious since every open set is preopen. 


(d) > (a): Let V be any open set of Y. We have Ci (Int(f7! (V))) C 
P cl (f-1 (V)) C f 1 (Cl (V)) and hence by Theorem 3.1 of Noiri!® f is almost weakly 
continuous. 


Definition 4.4—A function f: X + Yis said to be nearly almost open! if there 
exists an open basis G for the topology on Y such that f-1 (Cl (V)) C Cl(f-1(V)) 
foreveryV EZ. 


Every almost open function is nearly almost open but not conversely by Example 
3 of Rosel4. Rose!5 showed that every almost open weakly continuous function is 
a.c.H. Moreover, Rose!4 showed that nearly almost open weakly continuous functions 
are a.c.H. On the other hand, Noiri!® showed that every almost open almost weakly 
continuous function is a.c.H. The following theorem is an improvement of the previous 
results. 


Theorem 4.5—If a function f: ¥ — Y is nearly almost open and almost weakly 
continuous, then / is a.c.H. 


Proor : Since fis nearly almost open, there exists an open basis @& for the 
topology on Y such that f-1 (C1 (V)) C Cl(f-1(V)) for every VE @. Let W be any 
open set of ¥. There exists a subfamily Bo of 7 such that W= UWV|VE Bo. 
Therefore, we obtain 


preye= U PC US Incl (FCC (%)) CU 
VEBo VE Bo VE Bo 


Int (C1 (f-1(V))) C Int (C1( U f-14(V))) 
VE Bo 


= Int (Cl (f-1 (W))). 
This shows that f.1(W) € PO(X) and hence / is a.c.H. 
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(Received 29 April 1988) 


The object of the present paper is to derive some sufficient conditions for 
p-valently close-to-convexity, p-valently starlikeness and p-valently convexity. 


1. INTRODUCTION 


Let A (p) be the class of functions of the form 
f (z) = z+ x adn z™ (p € N) 
n=ptl 


which are regular in D = {z| |z| <!}. 
A function f (z) in A (p) is said to be p-valently convex if and only if 
zi” (2) . 
1 Re —-—— > 0 in D. 
a eee 
We denote by C (p) the subclass of A (p) consisting of all p-valently convex fun- 


ctions in D. 
A function f (z) in A (p) is said to be p-valently starlike if and only if 
z f° (2) : 
es = i. 
f@ 
We denote by S (p) the subclass of A (p) consisting of all functions which are p- 
valently starlike in D. 


A function f (z) in A (p) is said to be p-valently close-to-convex, if there exists 
a p-valently starlike function g (z) € A (p) for which f (z) satisfies the following 


Re 4f Cin Dy 


We denote by K(p) the subclass of A (p) consisting of all functions which are 
p-valently close-to-convex in D, 


Every p-valently starlike function is p-valently close-to convex, and every p-valen- 
tly close-to-convex function is p-valent in D2'10’4, Ozaki? (Theorem 3) proved that if 
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f (z) € A(p) and : 
; k +1. 
1+ Re 20 <P in D 


then f (z) is at most k-valent in D. 
Moreover, by using Umezawa’s!! result (Theorem 6), we have thatif f(z) € 
A (p) and 
1 + Re To <p+tinD 
then f (z) is convex of order at most p in one direction in D, and at most p-valent in 
D. 
2. PRELIMINARIES 


Lemma \1—Let/ (z) € A (p) and if there exists a(p — k + 1)-valently starlike 


function g (z) = af bn 2”, (bp-k,1 ~ 0) that satisfies 
n=n-pt1 
k) 
Re 2f @ (z) in D 


g (2) 
then / (z) is p-valently close-to-convex in D. 
Proor : From Theorem 8 of Nunokawa4, we have 


zf ‘(z) 


Re tere (z) 


> 0in D 


where G (z) is p-valently starlike in D. 
This shows that f (z) € K (p) and f (z) is p-valently close-to-convex in D. 


Lemma 2—Let f(z) € A (p) and suppose that there exists a positive integer k 
for which 


(*) , - 
arg ee < > in D math) 


where 1 S[k S pandO0 < «4 <1. 
Then we have 


z f () (z) 


ar FED ey 


|< a7ainD. 


PROOF : We easily have 


fOD (2) ( FO (te) 


2p") (z) F(z) 
0 
(equation continued on p. 579) 
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1 
zp-k _. f) (tz) 
Ss = Se ene 
F® (z | {P (iz)p=F dt 3.2) 
0 
and it easily follows that 


es se ES f) tz : ae 
| arg 7 Cpe |= late —Gp-e | < >-4inD 


for. 0: Ss fs -1. 
Then the integral 
(F) 
[ :9- pe) St 


(t z)p-* 
0 


: ° 7 
lies in the same convex sector {w||arg w | < = a}, 


Therefore, from (1) and (2), we have 


f ®-1) (z) zp-k | Se ete 
| arg Ff (2) | S | arg F®@) | + | arg | ¢ Gap © dt 
0 


7 Tw 
Seu aa ee mm in D, 


This completes our proof. 


Lemma 3—Let f (z) € A (p) and suppose there exists a positive integer k for 
which 


k+1 
pote > 0inD 





f (2) 
where 1 Sk Sp. 
Then we have 
zf (*) (z) 
k—1+ Re F ED (Z) > 0 in D. 


We owe this lemma to Nunokawa* (Lemma 9). 


3. STATEMENT OF RESULTS 
Theorem 1—Letf (z) € A (p) and suppose that the exists a positive integer k 
for which 
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+ Re “7 @(@) 
where! Sk S pandp<6Sp+ . 


Then we have f (z) € C (p) or f (z) is p-valently close-to-convex in D. 
Proor : Let us put 


H (z) = 


] jek 7 O} zg’ (z) 
B-p l g (2) 
valently starlike in D. 


FE) 
Then we have H (0) = | and Re H(z) >O0in D. This shows that g (z) is uni- 





Applying the same method as in Nunokawa and Owa5’6, we easily have 
] zp-k a 
Red sey LUX Cpt = 


where pAk = p (p — 1)(p— 2)...(p —k + 1). 
It follows that 


& (z) 
Z 


J ) (2) 


pAk ze ( EO) \o-8 


Applying the result by Komatu! and Robinson®, we have 
St ®) (z) 


_( &@ )\, 2 l )p aoe 
pAk gpk =( z - (<5 oD 





where the symbol ~ denotes subordination. 
Then we have 


f ‘k) (z) f ®) (z) 
| arg op a | = | arg 


ob ee oO i 
< 2(6 — p) 7s ~ in D 
This shows that 
f ®) (z) z f (*) (z) 
Re eek, URE p-kr1«C> ~*Oin Dz eet 
On the other hand, 8 (z) = zP-k+1 ig (p — k + 1)-valently starlike in D and 
therefore we have 
zf (#) (z) f 
Re ————_ > 0in D, 
g (2) er 


From Lemma 1, 


we have f(z) € K(p). This completes our proof. 
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Remark 1: Applying the same method as in the proof of Theorem 6 of 
Nunokawa? and from (3), we can also prove Theorem |. 


Theorem 2—Let f (z) € A (p) and suppose that there exists a positive integer 
k for which 


z f (+1) (z) 
f ©) (z) 


where2 SAS pandp<8Spt+i. 


k + Re 





< pin D 


Then we have f(z) € C(p) and f(z) € S(p), or f(z) is p-valently convex in D 
and f (z) is p-valently starlike in D. 


Proor: Applying the same method as in the proof of Theorem !, we have 


iE RCZ) = ( g (2) jr 2 ( (sara eae in D. ...(4) 
pAKzP-* Zz 1—z 
From the assumption of Theorem 2 and (4), we have 
SM) || f ® (@) 
| arg pAk zP-E | = | arg zp-F 
ses = ar Aes 3 
<= 26 p)S ; ind. ( 
From Lemma 2 and (5), we have 
k 
Me, |< —-in D. 


| are FU) (@) 2 
This shows that 


* (k) (z) 
© Fea) > 0nd 


and it follows that 


zi") @) > 0 in D. 


trict ig bec hae gy i 


Applying Lemma 3 over again, we have 


tf (2) 
and 
zf' (z) 1D 
Re ey Tee > 0 in D. 


This comletes our proof. 


Applying the same method as in the proof of Theorem 2, we have 
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Theorem 3—Let f(z) € A (p) and suppose 


z f" (z) ; 
Le RS mae <P ene 


where 2 S p. 
Then f (z) is p-valently starlike in D. 
Rentork 2 : Singh and Singh® (Theorem 6) proved the following theorem : 


Theorem — If f(z) = z+ © anz®isanalyticin D and 
n=2 


1 + Re 42L9 <tinp 


then f (z) is starlike in D. 


The proof of this theorem is simple but it is not generalized to multivalent func- 
tions. Therefore, the author gives finally the following conjecture : 


Conjecture—Let (z) € A (p) and suppose 


2s y--(s} 
1 + Re a 7 ee a 


Then / (z) is p-valently starlike in D. 
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In this paper we introduce certain spaces of testing functions rg® « contained 
; » 


in Hp. The elements of the dual spaces are ultradistributions. The Hankel- 
Clifford transform hp for » 2 0 is a continuous linear operator in spaces of 


these type. The generalized Hankel-Clifford transform hy, is defined as a 


continuous linear mapping between the dual spaces. The developed theory is 
applied to find classes of existence of classical and generalized solutions for a 
Cauchy problem of the Bessel type operator Bp = Dx®41 Dx7*. 


1. INTRODUCTION 
Méndez? introduced the space of testing function H, that consists of all infinitely 
differentiable functions § on J = (0. co) such that 


sup | x™ D” (x-* & (x)) | < co for every mn EN 
Saat | 


and its dual H) to extend the classical Hankel-Clifford transformation to distributions 
of slow growth. More recently Gonzalez2 considers some new function spaces, which 
are similar to the space studied by Lee*. The Hankel-Clifford transform acts on these 
spaces as a continuous linear mapping. Also, Gonzalez? analyzes a Cauchy problem 
for the systems of equations containing the Bessel-type operator Bu = Dx**} Dees 
He obtains classes of uniqueness and existence of generalized solution for such 
problem. The definition of a new convolution compatible with the Hankel-Clifford 
transformation allows to him to obtain an ex plicit expression of the solutions. 


In this paper, according to the ideas of Romieu?, Gelfand and Shilov!, Pathak 
and Pandey® and others, we introduce spaces of ultradifferentiable functions, denoted 
by vse. , with a structure similar to the spaces defined by Sanchez’. The Hankel- 


Clifford transform is a continuous linear mapping on this spaces. Therefore, the 
generalized transformation is also a linear and continuous mapping on the correspond- 


ing dual spaces. 


584 J. J. BETANCOR 


We prove some properties of the spaces ?S and study how the differentiable 


operators D, Py = x**! Dx-* and By act on them. Moreover, certain spaces of 
multipliers are defined. 


Finally, we consider the Cauchy problem 


sos) = P (Bu) u(x, t) 


u (x; to) = fi (x) 


where u (x, t) is an unknown vector function, u (x, t) = {uj (x, t)} and Pa matrix of 
polynomials. New classes of existence of classical and generalized functions are 


obtained. 


2. Some SPACES OF TESTING FUNCTIONS AND THEIR DUALS 


In this section we introduce certain spaces of testing functions, subspaces of Hu, 
which have a structure similar to those defined by Sanchez’. 
2.1. The Space ?Sy,.,4 


Leta > 0, » € Randp€EN. We define the function space ?Sy,.,4 as the 
collection of all complex valued smooth functions Y defined on / such that 


| x™ Da (x-» b (x)) | < Cas (A + SY" (pm) 
for every g € Nand5 > 0. Ca,s are constants depending on yw. 


PSu,%,4 is a linear space with the usual operations. Moreover, if 


bie ee | xm Da (x b (x)) | 
II¢Ila,s ey (A L dym (pm)! 
meEN 
for every g © Nand 3 > 0, each || |la,s is a seminorm on PSu,x,4, and the collection 
LP == {|| |l,8}aEw, 8,0 is a multinorm because each ll lo, s isa norm. Since the systems 
of seminorms I and Ty = {|| |la, 1/n}a, new are equivalént, the space ?S,,.,4 equiped 
with the topology generated by I';, is a countable multinormed space. ia : 


We now list some interesting properties of the space ?Sy,o,4. 
Property 2.1.1—?Syjo,4 C H,, the inclusion being continuous. 
Property 2.1.2—?S,,.,4 is complete and therefore a Fréchet Space. 


i ; f y . he Since Au 18 a 


As a consequence of the above results, ?Sy.a,4 is clearly a 5 


oer pace of testin 
functions. Its dual, (?S,.,.,4)', isa space of generalized functions. : 
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Property 2.1.3—If «a > 0, then D (J) C ?S,,.,4 and the topology of D (J) is 
stronger that the topology induced by ?S,,.,4 in D (/). 


Proor: If + € D(/) one has 
| 2 De (xP 4 (x) | < Ca (A + 8)" (ppt (5 Y" (pmyi—* 


for m,q © Nand « > 0, where L = sup {x:x € supp }} and Co=_ sup ID@ x-* U(x)I. 
Hence aa 


| x™ Da (x-*  (x)) | < Cs Ca(A + 8)” (pm)!* 


5 m 
with Cs > (ses } (pm)!-*, form € N. Consequently, D (7) C ?Su,.,4 (both 
algebraically and topologically). 


From the above result, the nontriviality of ?Su,.,4 follows provided that « > 0. 
This space is dense in E (/). 


On the other hand, if « = 0 and eee | x™ Da (x-*  (x)) | < Ca,s (A + 8)”, 
for 8 > Oandm,g € N, thenv€ She. “Hess. PS,9,4 coincides with the space 
Hu,o,a defined by Gonzalez?. He denoted this space by B,,4 due to its relation with 
the space 2,4 introduced by Zemanian!®. 

Property 2.1.4—(a) P?Sy,x,4 C Ap,apsp Poa 

(b) If p > i A ya,A = PS 505A 
(c) Hy,2,A C 1Suy,rx,4 with r > if 
All inclusions are continuous. 


Recall that the space Hu,.,4 (Gonzalez?) consists of all smooth functions b (x) 
defined on 0 < x < co such that 


| xm Da (x~* vy (x)) | < (A + 8)™ mm Ca,s 

for 5 > 0 and m,g € N. Then the proof of the Property 2.1.4 follows simply by 
using Stirling’s formula. 

Every inclusion transforms bounded sets into bounded sets, therefore it is 
continuous. 

Property 2.1,5—P?Sy4k,«,4 is contained in PSu,n,4, foreachk € N, the inclusion 
being continuous. 

Proor: Assume k = 1 and choose ¥ € ?Sp+1,0,4. One then has sup 


yee 
| x™ Da (x * 4 (x))| < sup| x™*1 Dax ?hy (x) | + 4 sup | xm Da-1 x-*-1 ¥ (x) | 
xEl xl 
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< Cas (A + Sy™*1((m + 1) p)!® + gCa-1,8 (A + 5)” (pm)!* 


for5 > 0, m € Nandq € N — {0}. Moreover : 


sup |.x™ x-» o (x) | = sup | x™+1 x *-1d (x) | < Co,8 (A + 8)™tl 
xEl xeEl 


(p(m + 1))!*. 
Making use of Stirling’s formula it can easily be seen that wv is in ?Sy,.,4. 
The proof is completed by induction on k. 
The following result permit one to define a countable union space. 


Property 2.1.66—If 0 < A, < Ae then PS i y05A4 C ?Sy,x,4,, the inclusion being 
continuous. 


Hence, the union space can be defined as 
ioe) 
PS nx = (J PSiy05A 
A=] 


which is endowed with the inductive limit topology. 


?Su,. is a space Of testing functions and its dual, (?Su,«)’, is a space of 
generalized functions. 


2.2. The space aha 


Let » be a real number, 8 > Oand B> 0. We define rte as the space of 
complex valued smooth functions (x) on J = (0, 00) such that 


pd x™ Da (x-* b (x)) | < Cmyp (B + P)2 (pq)!8 
pe of 


for every m,q € Nandp > 0, Cm,p are constants depending on v. 


It can be easily seen that the set T = {lI ||""*}mEn, eso represents a system of 
norms on 2s. . Here 


Wirme—sup —L 2” De (x* & (x) | 


‘sup (i ee Gee for everym € N andp > 0, 
qEN 


We now study several Properties of the space 252o : 


tyoB. : ; 
Property 2.2. I—?$,’" is contained in Hu and the inclusion is continuous. 
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Property 2.2.2—050* is a Fréchet space. 


$8. g : ; oF 
PS. is a space of testing functions, and its dual ose?) , is a complete space 


of generalized functions, equiped either with the weak topology or with the strong 
topology. , 


If He? denotes the space defined by Gonzalez?, consisting of all the smooth 
functions v defined on J = (0, oc) such that 


sup | x” Da (x* d (x)) | < Cm (B + p)” mmo 
_ £6! 
for m,q € N andp > 0, one has: 


B 
Property 2.2 3—(a) ost c 2 aan 


(b) if p > 1, then He? CS gen 


rB,B 
» 


(c) He? Cc 1s , wherer > 1 


the inclusions being continuous. 
; B,B 
Our next result is an useful test of convergence in 7S,” . 


Property 2.2.4—Let {Yv}vew be a sequence. If a positive constant Cm,p exists 
for any m € N, and p > O such that |ipy||""* < Cm,p for every v€ N and Da (x* 
ty (x)) + 0 as v > ce, uniformly on x € (0, e), for every g € N and « > 0, then, 


vy > 0 as v > 0° in os 
Proor : Let m € N and p,y > 0. Choose Pp’ such that Dp Po In 
these conditions, 
Idle < Cmyp’ + 0, foreveryv © N 


where Cm,’ is a constant. Moreover, there exists go © N such that 


Sail ll ont a 2 Hence 
(+= ~ ) on Cme’ for every g = qo. 


| x™ Da (x-* wy (x)) | < Cm,’ (B + P')2 (pq)!® < » (B+ p)2 (pa)!?, 
for q > 0: 


By taking g < qo and x > Cm,1,e/n, we have 


| xm+1 Da (x~* dy (x)) | 
x 





| xm Da (x* by (x) | = 


(equation continued on p. 588) 
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< + [idelm*r'e (B+ pye (pa)! 


< n(B + p)2 (pq)!® 
and in virtue of uniform convergence, there exists a vp © N such that 
| x™ Da (x-* dy (x) | & 1 (B+ P)2 (pq)!*, 
for v > vo, g < goand x < Cm41,p/N. 
Therefore 
| x™ Da (x“* by (x)) | < 1 (B+ P)@ (pq)!? 
for vy > vw, x € JandgE N 


eed 
or in other terms: |v" < y, fory > vo. Hence, by > 0 as v > co in PS, - 


Property 2.2.5—?Spre is contained in 2s.” , and the topology of aSoe is 


stronger that the one induced in it by psbrB , for every k € N. 


The proof of this property is similar to that of Property 2.1.5. 
Property 2.2.6—If 0 < By < Bo then vs. e rs. the inclusions being 
continuous. 
This allows to define the countably union space 
oo 


B B,B 
PS eta is eee 
i Bel 


B : ; : ny ois : : ; : 
PS, equiped with the inductive limit topology is a space of testing functions and its 


dual ( vse ) , iS a space of generalized functions. 


2.3. The space 2Soae 


Let u be a real number, a,8 >Oand 4,B>0. The space 2S 4 consists of 


all the smooth complex valued functions » defined on 0 < x < co guch that 
Hp | x Da (x-# b (x) | < Cae (A + 3)" (pm) (B + p)¢ (pq)!8 
x 


for every m, g E N, 5, P > O with Cs,» is a constant depending on w. 


We consider on the space sre 4 the norms 
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rac | xm Da (x-* b (x) | 
Ills = SP (A+ 8” (py (B+ pye(ng® forall. > 0. 
mEN 
qENn 
The systems of norms Ty = \l Ir ba and Tz = i! nsf, Ex are equi- 


valent. The space aioe ., endowed with the topology generated by Is, is a count- 


ably multinormed space. 
We now present some properties of this space that are similar to those of 


PSysx,4 and vs” 


8, 7 : : 
Property 2.3 evo ase C Hz and the inclusion being continuous 


Property 2.3.2—?S ag is a Fréchet space. 


ee ‘ ‘ é : 
Therefore ?S,,’,,, is a space of testing functions, and its dual ( ase e ) is a 


space of generalized functions that is complete with the weak and the strong topologies 


We denote by H wh 4 the space defined by Gonzalez? that is constituted by the 


smooth complex valued functions ¥ on / satisfying 
sup | x” Da(x *¥ (x)) |< Gre (A + 8)™ mm (B+ P)a qa? 


xEl 


form,q € Nand 65, Pp > 0. 
pp, BPPP 


Property 2.3.3—(a) Lady is axPuy AP? 


EByefeee derthin Hele, CSS 


8.B 


r 
(eee, COS tea 


Pad 


with r > | andr, > 1. 


The inclusions are continuous. 


BB 


. ° , BB 
Property 2.3.4—"Syiisa,4 38 contained in yune and the topology of "Si4z.0,4 


for every k € N. 


is stronger than the topology induced in it by S.. maneee 
2.2.4. 


The following test of convergence can be proved as in Property 
If for each 5, P > 9 


Property 2.3.5—Let {Yv}vEn be a sequence in "S 
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(i) there exists a positive constant Cs,» such that |ltvif < Cs,», for every 
vy € Nand 

(ii) Dz (x-* bv (x)) converges to 0, as v + cc, uniformly on y € (0, «) for 
everyg € Nie >0 


: .B,B 
then vy — 0, as yoo, In af ey . 


Property 2.3.6—If 0 < A, < Ag and 0 < By < Bo, then 


8B, 
p 
?S; oa Smasdy 


B By 
Marl, 


the inclusion being continuous. 


We can construct the countable union space: 


B co 8,B 
TS phy ole Pa 
oO aati pe ard 
B=1 


ake is equiped with the inductive limit topology. 


A 
2.4 The space iter : 
Let » be a real number, 8 > 0 and B > O. We define the function space: 
A8,B ey ' 
S$ = ae Oh ie 8 WF <C,, forkE N,p>0 . 
This space is endowed with the topology induced in it by sc : 
2.5 On the Nontriviality of the Spaces of type Ss is related to nontriviality of 
spaces of type He studied by Gonzalez2. 
This last author Proved that the mapping 
Sy > Hyg 
v (y) > y* b(y) 


is linear and continuous. The properties of spaces of type se (see Gelfand and 
Shilov!), 2.1.5, 2.2.3 and 2.3.3 show that the following Spaces are nontrivial: 


HANKEL-CLIFFORD TRANSFORMATION 591 


(a) »Sp,.,4 and ’S* for everya2 > 0,8 > 0, B>Oand A> 0), 


(bo) Sb? for x > land B = Qora = OandB> 1; 4, B> 0. 
(c) ‘so for A,B > Oanda + p> 1. 


(d) Beet 2 for p > 1, «,8 > Osuch that « + 8 = 1 and A. B > v, where ¥ 
is a positive constant. 


3, OPERATIONAL CALCULUS 


In this section we show that derivation, multiplication by x, and some important 
linear differential operators, can be defined and are continuous on the previously 
introduced spaces. 


Property 3.1—The mapping x” : ce —- PS is linear and continuous for 
everyn € N. 


B,B 
Proor : In effect, assuming n = 1 and taking, for example, } in "Su.,4> 
then 


| xm Da (x-* x b (x)) | < | xm+1 Da (x-* b (x)) | 
+ q|x™ Da-1(x-* b (x)) | 
< Css {(A + 5)™*1 (p (m + 1))!* (B +P)2 (pq)! 
+ q(A + 8)™ (pm)!* (B + Pt 1 (pq — 11°} 
< Cj, (A + 5) (pm)'s (B + P)* (pq)!® 


foreverym€ N, qe N— {0} and 8, P > O in virtue of the Stirling formula and the 
inequality gq < (1 + €)4 Ce where C; is a positive constant, for every « > 0. 


Moreover | x™x* x(x) |< Cy, (A + 5)™ (pm)! (B + P)° (0 p)!® 
form € Nand 4, P > 0. 
Hence, x is in nS?” , and the mapping is continuous. 


The proof is completed by induction on 7”. 
The procedure is analogous in any of the spaces under consideration. 


B 
» 


Property 3.2—Let! bea real number. If we denote by EOpirg BNY of the spaces 
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B * - 
PSu,u5A, Ap ‘Sa 4, of the respective union spaces, then the operator 


xt: SP + 0S 


is an isomorphism. 


It can be easily proved by using the definitions of these spaces. 
; : B 
Property 3.3—The operator P, = x**! Dx~* is an isomorphism of ”S,,, onto 


og® 


r+1-x » and its inverse is given by 


Po (8) (x) = xt | ety (dt 


Proor : Operator Pu and its inverse are linear. If ¥ € wets 4, then 
| x Da (x-P-1 (Py d) (x) | & | x™ Detl (x-* b (x) | 
S Coe (A + 5)” (pm)!* (B + P)2 (pq)!® 
forevery m,g € Nand3,p > 0. Here too it is enough to use Stirling formula. 


Hence, Py is a continuous mapping. 


Moreover if ¥ € See , then: 
z 
| x™ Da (x-* P=) w(x) | = | x™ Da ( [e "14 (dr ) | = L (x, m, q) 
oo 


expression that, if gq > 0, results equal or less than 
| xm Dat (x-P-1 b (x)) | < Cee (A + 8)m (pm)!* (B + P)@ (pq)!® 
If g = 0, one has: 


oO 
~ (¢m*2 + pm) (t-¥-1 | W(t) |) 
EC armr0) <= | RE Se ae ere « dt < Cs,»(A + 8)m (pm)!8, 


0 


=| hard BB eS) Oe é 
Hence P,” visin »S,?),, and P, is a continuous operator. 


The proof is similar in the case of spaces of the type =F or *Sirasde 
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Property 3.4—The mapping D: Apes 7 eet is linear and continuous. 


Proor : We limit to ourselves to the case of the operator 


B,B B,B 
. D ’ p ’ 
D ’ Sey ai A ee any 


since the other cases can be deduced from this one. 


Let ve *s°? Then, 


Seog 
| xm Da (x-*+1 h(x) | < | x™ Da (x-* b (x)) (» + 9) | 
+ | xm*1 Dat (x- b (x)) | 
< Cs, (A + 3)" (pm)!* (B+ P) (pq)!? 


for every m,q € Nand 4, Pp > 0, following a procedure similar to the one used 
above. 


From the previous results it can be easily inferred. 


Property 3.5—The operator Bu = DP,» from Se. into itself is linear and 


continuous. 
Defining the generalized D*, P* , P.’* and BS as the adjoint of the classical 
operators D, Py, Pe. and B, respectively the following: 


U ’ 8 ‘ 
Property 3.6—The operators D* : ( Ses ) ae ( *Se ) and Bt ( ag ee ) 


B 
em 


, 
— ( 7S ) are linear and continuous. 


The mapping Py : Fear ) > ese) is an isomorphism P;'* is its 


inverse. 


B 
4. MULTIPLIERS IN SPACES OF TYPE 5S ,,,, 
We are now interested in smooth functions on 0 < x < ©o which are multipliers 
B 
in spaces of type ”S,.,. - 
Let 9 €& C® (J) be a function such that: 


| Dag (x) | < C Bot (pq)!® (1 + *!) 
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where / € Nand C, By > 0. Also, let) © *Su,.,4. Hence 


n 


[xm D(x" 9 X)HA) |< Cure > (") Bor (PrP (A + Bu (pm) 


r=0 


| 1)! 
x(1+ (443) Boat DP —o )) 


< Cig (A + 8)™ (pm)!= 
for m,n € Nandi > 0. 


Thus 6% is in ?Sy,.,4 and the mapping 


"Sam A — PS wrx 9A 


> 6 is continuous. 
° ° B,B 
Moreover taking a &) in 7S,’ 


| De (xP 4 (3) (8) | < Ce (om® SS’ (”) Bor (B+ pye-r 
r=0 
= Cm,» (pm)!® (B+ Bo + P)n 
for m,n € N and P > 0, since (pr)! - (p(n — r))! < (pn). 


B-Bt+B 
on and the operator 


Therefore @v is in 


F-B+B 
eSite > — 0 


b — 6 is continuous. 


If) © Se? then 


Pog? 


| xm D® (x"* d (x) 8 (x)) | < Cae (A + P)™ (pm)ia (pn)? (B+ Bo + p)s 
B’B+B 
for every m,n © Nand 5,p > 0. Hence 9 is in pepe ° | and the mapping 
BB BB+B, 
hai om aS Re 


» > 6 is continuous. 
These facts are summarized in the following: 


Property 4.1—If 9 E C*% (1) and | Deg (x)i) cee 


C Bo® (pq)!® (1 + x?) for every 
q € N, with! € Nand Bo, 


C > 0, then ¢ isa multiplier of 
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(a) »Su,x,4 into itself (and of (7Su,.,4)’ into itself), 


Q@’B+B 


BB+B , ' 
(b) ose into 7S, : ( and of ( SS a oh}: ) into ( yas ) ) , 
BBt+B B’B+B, \" ‘ 
> B,B 4 4 ° ,’ 
(Cc) *S 44 into *S,..., ; ( and of ( i peed : ) into ( Ace ) ) ‘ 
This result can be extended to the respective union spaces. 


We now consider the set M, defined by Méndez, consisting of the smooth 
functions on 0 < x < ce such that foreach r © N there exists a ny € N for which 
the function 


D* @ (x) 
1 + xr 


is bounded on 0 < x < co, M isa space of multipliers in H,. 
Property 4.2—If 6 € M, the mapping 
?Sitsa,d > PSpya,A 
y% — 6 is linear and continuous. 


Proor : It is enough to check that 


q 
Dt 6 (x m m+n 
| xm Da (x-* 9(x) b (x) | < Sy. Cee + xmin, ) 
r=0 


x | Dr (x-* b (x) | < Ca,s (A +8)” (pm)! 


foreach ) © "Su,x,4, m, gq E N, and suitable nonnegative integers nr. 


This result can be extended to the union space *S ni and the respective dual 


spaces. 


, oBsB B,B 
Note that a similar result cannot always be extended for ”S,” and 7S,?.,,. 


B 
5. Tue HANKEL-CLIFFORD TRANSFORMATION IN THE SPACES OF TYPE *S,,, 


An integral transform given by the pair 


F (y) = hy {f(x} () = >" [C, (xy) f (x) dx 
AD 
f(x) = hy {F (y)} (x) = x" ri Cu (xy) FQ) dy 


596 J. J. BBTANCOR 


was defined by Méndez®, who called it the Hankel-Clifford transformation. The 
kernel of this transform, Cy, is the Bessel-Clifford function of the first kind and order 
u. C, is related to the Bessel function J, of the first kind by C, (z) = z-*/? Ju (24/2) 
(see Hayek®). 


This transformation is an automorphism onto Hy, for » > 0. 


dn 


Since an 


mkEN 





C, (z) = (— 1)" Cuyn (z), n E N, then for every ¢€ H, and 


ym Dk y* b (y) = (—1)F t Cysksom (xy) (xy)m xhtktm Dem x-h ¢ (x) dx 
where | (y) = hy {¢ (x)} (y). 


co 1 fo) 
By dividing the integral J = F) + f and in virtue of the boundedness of the 
1 


function z” C,,k42m (z), we obtain 
| ym D¥ (y* b (y)) | < M {sup | xetetm D2m x~-w ¢ (x) | 
xl 
+ sup | x°tk+m+2 N2m x- & (x) | } (2) 
xel 
for m,k © Nand » > 0, being c = [p] and M a constant. 


We now study the image of Ae by iu. Recall that these spaces are contained 
in Au. 


Let ¢ be an element of »Sy,x,4, invoking (2) we obtain 
| ym DF (y * b(y)) | < Kms (A + 3) {(p(m + k + ©)!" 


+ (ple + k + m + 2))!"} < Cm,s (A + 8)* (pk)!* 
for every m,k € Nand $ > 0. 


Hence, the mapping Ay : ’S,,0,4 > or. is linear and continuous. 
nani 
If. ¢'6.9S >, then 


| ym DF y-* b(y) | < M{Ck,mycyp (B + P)2™ (2mp)!8 
+ Ckymyoye,e (B + p)2™ (2mp)!8}, 


Since Ckym,c,p < Cy», for everym € N 


| ym DF y-* b (y) | < Men (B2 + »)™ (2mp)128 
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for m,k € Nand y > 0. 
Also, from the Stirling formula the next equality follows: 
| ym D¥ y-+ p(y) | & Miyn (B? 22? + a)” (pm)!?° 
for m,k € N and vn > 0. 


Therefore the mappings: 


Ag B 
F ’ 
hn . PS. —— 2PS y»B,B~ 


“B,B 
: ? 
hy ° ‘5. ui ?S1,28,2 278 p2 
are linear and continuous. 
: B,B ; 
Let now ¢ be in ony: . According to (2), we have 


| ym Dk y-* b (y) | < Maye (A + dymthte (p (c + k + m))!" (B+ Pp) 
x (2pm)!® + (A + djeretmt2 (p (c+k+m+2)) 
x (B+ p)!2™ (2pm)!®} < Ca,e (Aer™ + »)* 
x (pm)!28+= (4 B2 2278 er® + «)™ (pk)!* 
for every m, k € N and n€ > 0. 
Thus, it has been established that the mapping 


B ae 
hy: BS ei Fast fe 2p 
6 1,2B40,B 242 “Be Pa 


is linear and continuous. 
The above results are summarized in the next 
Theorem 5.1—The mappings 


Pe 
Aé 
»B wee rs”? 


B 
h. 39S. 
d peas 1152B40,AB 72 2?Be po 


‘B,B 
hu: fy is 27S u,8,B" 


Ap B 
hy: 9S)? > ?Sp2802 2B p® 


a»A 


hy : ?Spe.4 > a2 


are linear and continuous. 
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Defining the generalized transformation A), as the adjoint of the classical trans- 
formation /i, it can easily be seen that 


Theorem 5.2—The operators 

1. { pgwae?® ) (ee ) 

hi ; ( rE Ss 2 rBe pu ae pa’ 

A , 

A’, : (?Sy,28,2 2?BB 2)’ > ( pars ) 
; 2p , fap \' 
h : ( Su,8,B 2) = "Ss 

ae ( *s,"* ) > (?Spy0,4) 

are linear and continuous. 


6. A CaucHy ProsBLem CONTAINING THE BRSSEL-TYPE OPERATOR 
Bu = Dx*+1 Dx-* 


We consider the Cauchy problem 


é 
HO) _ P (By) u (x, ft) (3) 
u(x,fo) = ¢0 (x) 


for0 <t <1 <T, withy (x, ¢) an unknown vector function and Pa square matrix 
of polynomials. The initial value ¢o is in a fundamental space that will be determined 
later. 


Application of the h-transform to problem (3) leads to 


7] ’ 
7G.) = p(y vQy, 0) 


¥(¥, to.) = vo (y) 





...(4) 


a ~ (y, t) = hu {u (x, 1) >X > y} and vo (y) = hy {%o (x)} (vy). A formal solution 
0 is 


¥(Y, t) = O(—y, t, to) do (y) 
where 


2 (—Y, t, to) = exp ((t — to) P(—y)). 
A bound for the matrix Q (s, t, to) is given by (see Geland and Shilov!, pp. 53) 


IO(s, t,t) |< C exp (=) tay °) 
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Pvt] ) 
for t € [0, T] (even ¢ € [0, T + to]), 2° poT< 6° and Po being the reduced 


order of the system (3) when the operator Bu is substituted by i 





ox 
In virtue of Cauchy’s integral formula 
Qn 
Dz QO (—Y, t, to) = | ae | Q(-y ee Re’* j 
0 


Hence 


26)” 26)”9 R? 
|| Dt Q (—y, t, to) || <q! R-@ C exp (-Ca% yo ) er ae 


where C > 0. 


If we assume R = g!/»9, then 


ee icak 3 ) honey ”) 


exp 
< ( exp (22) 
fora > 1. 


And we arrive at the following 


Property 6.1—The matrix Q (—y, t, to) is a multiplier of the space 


(« “a +) at Bo, 
4 (a- \),B Go . Bp fe 
‘Ss? ” iss Bee for p> 1 
sek ly B, J Ap'l® + Ao 
PPo Po 
where 
Bo = exp ((26)0/po) 
| y 
aioe ( ppo e (c — 40) 
with 
r 1 
wn OR ca tam en Be 
If p = 1 then O (—y, f, fo) is a multiplier of 
1 
ape ag («- +) B+ Bo 
Lf A in 18 
pea i, ,A+ Ao 


Ai 
Po Pp 
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with « > 1. 


ef (4 _ z ) - B 
This property has sense provided that the space ”S ” ve under consi- 


deration is nontrivial. 


By invoking !.5 we get 


is nontrivial if 


thy eee 
PPo 
l 
(a) po> 3 anda > p= ] 
(b) po > - ,4@4=p>1and A- B> vy, y being a positive constant 


l 
apo = | and —— > 1, 
(c) apo cor 
We now define the fundamental space to ¢o (the data of the initial value problem 
(3)) belongs to. According to Theorem 1, if ® = »5°” , and 


Hyxsd 


I a i. 
hy {0} c Pal a) e 





ee (4 - pLe ) aed 
: p Po . ary Fs 
(provided that 7S is nontrivial) then: 


go ee 
PPo 

pe penee oo. a= >-(a-2) anda B’ > Owith 
PPo 2p = p Po sf 


A’ B’ 2278 erm — 4, A! eP® = B 


The space ® is nontrivial if some of these conditions hold 


a 1 a 
a) ——>1 and — — 
( 2p a Po 3 2 


= 1 a hase at 
(b) a=2p,a> po > 2 and A’ B’ > y, where is a positive constant 


: ] 
(c) Eithera = = and | > 2ppo, or app = 2 and 1 > PPo.- 


When the space © js trivial a new 


HANKEL-CLIFFORD TRANSFORMATION 601 


—(a2--+).s 
®={l © Hy:ch b € °S? Po } 
v, —,A 


has to be introduced. 
In this case ® is endowed with the graph topology. This topology is generated 
by the multinorm { ivy) t where 
) 55°>0 


| wb; | : = lok Vil for) € ® and 5,p > 0 


and where the last seminorm is defined in the space 


s a-—).B 
ps P Po 


v 





oJ PPo ,’ 


The nontriviality of ® is deduced from the nontriviality of 


The following diagram summarizes our last results 


t(a-—-),B a— — , Bp? + Be 
+o, = 7S” ‘ey > De =9S" 42 
ou iy eed fas Api Ab 
PPo Po 


bo > hy {do} = bo > ¥ (yt) = Q(—Y, t, to) Yo (9). 
Note that ©; is contained in 2 and the inclusion is continuous. 
We now show that v (y, t) is the solution of the problem (3). 
Property 6.3—If Mo € ®, then 


lim v(y,t) = to (y) and lim AASB = P(—y) v(y, t) in the sense of the conver- 
t>to At+0 AY 


gence in ®o, 
Hence, in virtue of the operational rules in Méndez® and taking into account 
that chy is a continuous mapping, we get 


lim Ay {v (y, t), ¥ > x} = Me {40 ()} () = 40 @) 


t>to 
lim Ahy ely Oy > x = P (By) hu {v (y, t), yo x} 


At-0 
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in the sense of convergence in the space 


pl Py 


Lt (Ap”™ + Ao) e 
D4 = pg Po 


2p (2 - —) ms 
ee ee i (Ap 4 Ae) (Bp?® + Bo)? 2 FOr a 7 
Po 


Thus, the next result follows. 
Theorem 6.1—The function u(x, t) = hy {Q (—Y, t, to) hu {40 (x)} (y), » > x} 


in 4 is a solution of the Cauchy problem (3), for every initial value ¢o € ©. 


7. EXISTENCE OF GENERALIZED SOLUTIONS 
We now consider the initial value problem 


ELIT = P (Bu*) u (x, t) 
...(5) 
u (x, 0) = uo (x) with up € 04" 


The generalized Hankel-Clifford transform hj, , leads to the new equivalent 
problem 


F) 
mcd sad 28 0. iBe P (9): ¥.(.;;4) 


...(6) 
v(y,0) = v9 (y) 
where v (y, t) = hy, {u (x, t), x > y} and vo (y) = A‘, {uo (x)} (1). 
A formal solution of (6) is the generalized function v (y, t) = vo (y) e-¥. 


The distribution u (x, t) = h, {vo (v) e~’*, y > x} € ©’ is a solution of (5). 


In effect, according to Theorem 6.1 one has: - 


@) 5 < H fem()}, o> 


a 
Sp < MO» hy {67% hy {8}) > 
= <u, hu {e-w! hy {P (Bu)}} > 


= < P( By ) h, ev hi, uo, 6 > 
for every 6 € Mand 


(b) << hi fe" hy ful}, $ > 


q 
A 


uo, hu {e-“ hy {6}} > >< u,6> 
for every ¢ € ©, 
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Thus, we arrive at the following 


Theorem 7.1—The generalized function 


u (x,t) = hi, {ev hi, {uo}} € © 


is solution of (5) for every initial value uo € ®) : 


ss 
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In this paper, we evaluate a finite integral involving the product of a general 
class of polynomials and the multivariable H-function. On account of the 
most general nature of the polynomials and multivariable H-function, our 
result provide interesting unifications and extensions of a number of (known 
and new) integrals. Integrals obtained by Gupta er al.2 (p. 69), Garg? 
(p. 251) and many other integrals follow as particular cases of our main result. 


1. INTRODUCTION 


The multivariable H-function has been defined by Srivastava and Panda®. We 
shall use the following contracted form Srivastava et al.5 [p. 251 eqn. (C. 1)}: 


a (r) : 
O,N: M, Nn’ ae mM), v(r) Z1 ( Qj; a, 9 e4y9 sal te ° 
H [z1, sory Zr] = H : 


p22 Fy OF.0t Bao | , 
P, O: P,Q PP), 0 :. ( 64; e, eA a 
| Q 


ey ets Gee 
Care ere Ce 


' ‘ : ; (r)  (r) 


to denote the H-function of r complex variables zy, ..., zr. All the Greek letters are 
assumed to be positive real numbers for standardization purposes; the definition of the 
multivariable H-function will, however, be meaningful even if some of these quantities 
are zero. The details of this function can be found in the paper referred to above. 


(ta) 


Srivastava? introduced the 


general class of polynomials (see also Srivastava4 and 
Srivastava and Singh’) : 
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{n]m) (—n) 
m nNj)mk 
S\ [x] = = = aay We An,k x*, n = 0, 1, 2, ... Sia) 


where m is an arbitrary positive integer and the coefficients An,x(n, k > 0) are 
arbitrary constants real or complex. By suitably specializing the coefficients An,x, the 
general class of polynomials can be reduced to a large spectrum of polynomials as cited 
in the papers referred to above. 


2. RESULT REQUIRED 


The following result given by Garg! (p. 244) will be required in establishing our 
main integral in the next section : 


{xf (a + x)* (c + bx)-A H [ax (a—x) (e+ be os, 
0 


Zyxt (a — x)"r (c + bx) “*) dx 


= 440 
- # mc lal 1A; « 


oo 
feapyar.e)) ON+8 <" Sh 
> SEN x I! ae ok che} --(2.1) 


= —wW Ud 40, 
i=0 By et Ne 


z1C¢ ss 


where H [z1, ...,Zr] denotes the multivariable H-function defined by (1.1). The 
asterisk ( * ) occurring in (2.1) indicates that parameters at those places are the same 
as the parameters of the multivariable H-function in ( 1.1) at corresponding places. 
This notation will be adhered to throughout this paper. Also 


A= (—<¢; V1y sees Vr), (1 a: p a s Uj, «+5 uy), (1 ei a I; Wis. sms Wr), 


eh ) 
( aj; sed ae | “ IhyP 


. R! (r) ted y ; 
B= (bs By, BO) 9s (1 — Amy one HO 
(—p —o —I; wy + 1, ..., Ur + Vr). 
The conditions of validity of (2.1) can be found in the reference given above. 


3. Main INTEGRAL 


We shall establish the following finite integral in this section : 


f x?-1 (a — x)" (c +bx)-4 S [ yx" (a — x)® (c + bx) ”] 
0 


x S™ [zx’ (a — x)" (c + bx) ”] 
n 
(equation continued on p. 606) 
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x A [zy x" 1 (a — x)1 (ce + 3 feat ee ae 3 x"? (a - x)’r 
x (c+ bx) “r) dx 


co [nie] In fm 6a 1)! (—n)mk (—n')m'k' yF zk’ qhtotk(uty) +k (u'to’)t bt 
a SS I kl kl cAtwkr otk +t 
1-0 k=-0 k=0 





= Uu v 
ON43 : *# zc laiI¥l |Ci« 
; : 


x Asst An, A a (aos 
= P+3'O+2 + » 


zie “ra rts | D:« 
where 
C = (—o — vk — vk’; v4, ..., vr), (1 — P —1 — uk — u' kK’; wy, ..., ur) 


(1 Rabe a wk — w’ k’; Wy very Wr), ( aj; aes vey aut Nes 


D = ( by; B 9 o° eee Jaa ’ (1 <A —wk—w' k’; W1y sory Wr) 


(—P -¢— 1 = (6 ha) 6 — (Eee ie ae 


mand m’ are arbitrary positive integers and the coefficients Ant (n,k > 0) and 


A’..,, (n', k’ > O) are arbitrary constants real or complex. 
The (sufficient) conditions of validity of (3.1) are: 


(i) a,b, c are positive numbers such that epee w ake! 


Re (A) > 0, an (u,v, W, u’, v’, w’, ut, v4, we) > O (not all zero simultaneously) 
=r 


: ( 
(ii) Re(p) + SS u ain @ | Re (=-) } >0 
j 


{=1 


a) 


RO + Dw ae PO} | Re (— )b+1>0 
j 


(iii) OQ: > 0, | argz|< 407, vie {l, 2, ..., r}, where 





m() of) 
= — (é) (i) (t) 
an > -> 9 OS Saas 
j=N+1 j=1 j-m()44 


(equation continued on p. 607) 
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vf) p(i) 
SP-> 
'j tj 
j=1 j-n41 


(iv) The sefies occurring on right-hand side of (3.1) is absolutely convergent. 


Proor : To evaluate the integral (3.1), we first express both the general class of 
polynomials occurring in the integrand of (3.1) in series from given by (1.2) and then 
interchange the orders of summations and integration (which is permissible under the 


conditions stated above) so that the left-hand side of the integral (3.1) (say 4) assumes 
the following form: 


[njm] [n’)m'] a 
Sco Ds (—n)mk (—1n')m'k’ y® 2%’ | 


‘ @tuktu'’ k’-1 
kik’ Be RAO LX 


k=0 k’=0 
x (a — x)etrkte’k (¢ 4 bx)-A-wk-w'k” A [zy x"1 (a — x) 1 


x (e + bx)", ..., 29x" (a — x)" (¢ + bx) dx. 3202) 


Now, we evaluate the x-integral occurring in the above equation, with the help of 
(2.1) and arrive at the desired result (3.1) after a little simplification. 


4. SpeciAL CASES AND APPLICATIONS 


If we take n’ = 0 (the polynomial So [x] will reduce to 1), A =w = 0, wt = 0 
hal sede F), ut ~>:0 and replace P by P + 1 in (3.1), we get a known integral 
obtained by Gupta et al.? [p. 69, eqn. (3.1)]. Further, if we take vu = 0 andv = lin 
the integral so obtained, we get an integral given by Srivastava and Singh” [p. 166, 
eqn. (2.2), with § = 0}. 


Again, if we taken’ = 0,a=u=y= lv=w=0, vw = 0(=1, 2, Mele? 


n+ua («+ B+n+ I)k 
m= 1, An,k = ( 4 ) Say TEER eae 


ad — 2x)) and replace o by 6 in (3.1), we get another known integral given by Garg! 
[p. 251, eqn. (5.3.6)]. 


( in this case Aa [x] - Bey 


The importance of our main integral lies in its manifold generality. At the 


outset, we recall that in view of the generality of the polynomials Ss [x], on suitably 
specializing the coefficients An,k A’,,,, and making a free use of the special cases of 


s* [x] listed by Srivastava and Singh?, our main integral can be reduced to a large 


number of integrals involving generalized Hermite polynomials, Hermite polynomials, 
Jacobi polynomials and its various special cases, Laguerre polynomials, Bessel poly- 
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nomials, Gould-Hopper polynomials, Brafman polynomials, and their various 
combinations. 


Secondly, by specializing the various parameters and variables in the multi- 
variable H-function, we can obtain from our main result, several integrals involving a 
remarkably wide variety of useful functions (or products of several such functions), 
which are expressible in terms of £, F, G and H-functions of one and several variables. 
Thus our main integral would at once yield a very large number of integrals involving 
a large variety of polynomials and various special functions occurring in the problems 
of mathematical analysis, applied mathematics, and mathematical physics. 
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A new weakly form of continuity which is weaker than weak-continuity 
and stronger than rare-continuity is introduced under the title of strongly- 
rare-continuity. Some certain characteristics of strongly rarely continuous 
functions, some of their properties in terms of -topologies of Njastad and 
some of their relations with the other weakly types of functions are esta- 
blished. 


INTRODUCTION 


Many weak forms of continuity of single valued functions between two topological 
spaces has been defined in the literature since 1920’s. Quasi-continuities of Blumberg* 
and Kempisty? were introduced in 1922 and 1932 in two different ways. Fomin® have 
defined the 9-continuity in 194! and Levine have defined weak-continuity 9 and semi- 
continuity! in 1961 and 1963 respectively. Two independent kinds of almost con- 
tinuity were defined by Husain’ in 1966 and by Singal and Singal!9 in 1968, Faint- 
continuity of Long and Herrington", rare-continuity of Popa!® and subweak-continuity 
of Rose!? have been defined in the last decade for instance 5-continuity of Noiri which 
is an independent concept of continuity have also been defined in this period. The fol- 
lowing non reversible implications among some of them are well known: continuity 
(resp. 5-continuity) > almost continuity S & S = 9-continuity = weak-continuity => 
rare-continuity. These are indeed weaker on independent forms of continuity. For ex- 
ample any function from any topological space to any hyperconnected space29, j. e. the 
space in which all nonempty open subsets are dense is 5-continuous. 


We define in this paper a new weak form of continuity under the title of strongly 
rare-continuity which is weaker than weak-continuity and stronger than rare-continuitv. 
We determine some of its characteristics and some of its relations with the others. Some 
certain properties of strongly rarely continuous functions in terms of «-topologies of 
Njastad are also established. 


PREPARATIONS 


No specific separation axiom is assumed unless otherwise is explicitly stated. D7 
will denote the family of whole basic neighbourhoods of the point x in the space x cl 
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A = A, int A=A andé@A denote respectively the closure, the interior and the boundary 
of the subset A in Y. A function f: X — Y is called weakly continuous (resp. @-con- 
tinuous, resp. 5-continuous, resp. almost continuous H., resp. almost continuous S and 
S, resp. rarely continuous) at x € X iff for each Wr(z) © DF r(x) there exists a Gz € 
Mx such that f (Gz) C Wr2) (resp. f (Gz) C Waa), resp. f (int Gz) Cc int Wrz), 
resp. Gz C cl f-1 (Wrz), resp. f (Gz) € int W s(x), resp. int f (Gz) C Wa) holds. 
The alpha and beta operations are defined as « 4 = int AandBA=cl A after 
Bourbaki4. As usual a subset A will be called nowhere dense iff « A = ¢. We write 
x € A* fora subset A C X iff each Gz € Dx is intersecting A with a non nowhere 
dense intersection, i.e. int Gz ( A # ¢. Then A* is always closed, A* = A* C A 
and (A U B)* = A* U B*. Notice also that «A C A* and therefore «A C A* hold 
since if a Ur € Gfx satisfy Uz C Athen Ge M ADcl(Gz 1 Uz A) D Gz 1 Uz 


1 
could be written for any Gz € Ofz. Since « (G () A) = «(G()\«A) holds for any subset 
A and for any open G, one easily obtain A* C «A. Thus A* = <A is found for any A. 


Notice that A is nowhere dense iff A* = ¢ iff A* is nowhere dense. The equality (G M 
2 


A*)* = (G () A)** could also be proved for any open G and for any A. Hence the fol- 
fowing equivalences hold for any open Gand for anyA: GQ «A= ¢@ iff G() A* 
= ¢ iff G () A* is nowhere dense iff G A is nowhere dense. The equalities (1) and 
(2) and the last equivalencies are also valid for any semi-open subset G. 


k, A = A U A*® is therefore a closure operation on X bya theorem of Andrijevicl 
and even ky, A = cla A holds! for each A C X. Herecl. A denotes the closure of A 
in the t. topology of Njastad!5, i. e. the topolgy on X which is precisely the family of 
those sets written as the difference of an open set and a nowhere dense set of X. 


Since we use the t. topology in some frequency throughout the paper, we give 
here a short and independent proof that the family t. is indeed a topology on X. 
Notice that if G, is open and N, is nowhere dense in X for each index p» then 
Gp — Nu Ca Gy = int B (Gu — Nu) Gint B(U (Gu — Ny) 
» 
and thus 
U (G, — Nz) = int B(u (G, aes N,)) — No 


is found where the nowhere dense No is defined as 
No = int B(U (G, — Nu)) — U (Gu — N,). 


Njastad proved that + C +t, and the nowhere dense subsets of these topologies are the 


same and therefore note that A* (t) = A* (tx) foreach A C X15. The space on the 
set X equipped with the +, topology will briefly be denoted in this paper by X. anda 
subset is called «-closed iff it is closed in X>. The substar set of exclusively an inverse 


STRONGLY RARE-CONTINUITY 611 


set under any function f: X — ¥ is defined as follows : x € ( f-1(B))* iff (f (Gz) 
B)* = @ for each Gz © Gr. Then all substar sets are closed, 


(f~* (B))* U (£74 (B))e © cl f-1 (B) 
(f* (BU C))s = (£71 (B))s U (f-1 (C))s 
(f-1(B))s = ¢ if BX = ¢ 


and so (f-1(U)), =(f-1(U)), for each open U C Y. If the domain of fis compact 
then the equivalency (f-! (U)), = ¢ iff (UNf(X)). = ¢ holds for each open U C Y. 
The locally thinly scattered points of a function f : X¥ — Y will be written 
by Nr and defined as follows: x € Nr iff 3 Gr © Dr; (f(Gz))* = ¢. It is 
obvious that Ne is always open (may be empty) and satisfy Nr () (f-1(B)), = ¢ for all 
BCY Eland E} will denote the one dimensional Euclidean space and the one dimen- 
sional upper limit topology of Sorgenfrey on reals respectively. We define simple and 
step functions just as in Royden!8. In particularly the function f (x) =[x] = sup ((—©9, 
x] © Z) for each real x will be called as the classical step function where Z denotes the 
set of all integers. Semi-open (resp. regularly closed) subsets are those sets satisfying 
A C BA (resp. A = B A) or equivalently those sets satisfying G CAC G (resp. A=G) 
where G is an open set. H-closed spaces are those J: spaces which all their open 
coverings admit a finite and dense subfamilies or equivalently all their embeddings 
into Hausdorff spaces are closed2!. Almost compact spaces are those which all their 
open coverings admit a finite subfamily such that the closures of members is a cover- 
ing. Therefore H-closed spaces are precisely the almost compact T2 spaces. 


STRONGLY RARELY CONTINUOUS FUNCTIONS 


Theorem 1—The following are equivalent for any f: X > Y. 


(1) For each Wrz) € D7(x) there existsa Ge € Wx with « f (Gz) C Wrz) 
or equivalently « f (Gz) € «Wr(z). 


(2) For each Wrz) € D(x) there exists a Ga € Dx such that f(Gz) — Wrz) 
or equivalently f (Gz) — Ws(z) is nowhere dense. 


(3) Foreach Wrz) € Dex) there exists a Gz € GPx and a nowhere dense 
Nw C Y with f (Gz) C Wr2) U Nw or equivalently f (Gz) C Wrz) U Nw. 


(4) For each Wrz) C Df7(z) there exists a Gz € Dz with ( f (Gz))* C Wz). 


Proor : (1) + (2) Easy since a (f (Gz) — Wr2)) € « f (Gz) — Wrz). Further- 
more one can always write that 


f (Gz) — Wra) = (f (Gz) — Wra)) U (Cf (Gz) 0 Wra)) 
where the second set participating the union is always nowhere dense. 


(2) = (3) and (4) > (1) are straightforward implications. 
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(3) > (4) Easy by taking the stars of the both sides of the inclusion relation of the 
hypothesis of (3). 


Definition 1\—A function f satisfying one of the conditions of Theorem | is called 
strongly rarely continuous at x € X. Global definition of strongly rare-continuity 
could be given easily and expectedly. From now on we shortly write SRC for this type 
of functions. 


Remark 1: A function fis SRC (resp. rarely continuous) at x € X iff for each 
given Wrz) © Dr(x) there exists a Gz € Dx such that the part of the image of 
Gz scattering to the outside of Wrz) is nowhere dense (resp. rare, i.e. has an empty 
interior). Hence any function with the nowhere dense (resp. rare) image such as simple 
and step function is evidently SRC (resp. rarely continuous). Not all the SRC functions 
have nowhere dense images. Here follows an example: Let QO be the set of all ratio- 
nals and P be the set of all irrationals and let the space ¥ on reals be defined So that 
all irrational singletons are open and the basic neighbourhoods of any x € Q are Uz 
(ce) =])x — «,x +€[M Q. Then the function f defined as f (x)=[x]/o (x) + x. Xp (x) 
from X into E1 is SRC. It is not weakly continuous on integers and f (X) is not no- 
where dense in E1. Here X%4 denotes the characteristic function of A. 


Remark 2 : One of the recent weaker form of weak-continuity has defined by 
Rose!’ as follows: f: X ~ Y is called subweakly continuous iff there is an open basis 
@ of the topology on Y such that cl f-1 (B) C f-1 (B) for each BE G. Rose proved 
that!’ holding of the inclusions cl f-1(U) C f-1 (0) for each open U C VY is the neces- 
sary and sufficient condition for the weak-continuity of f. Subweak-continuity, weak- 
continuity and 6-continuity of an almost continuous H. Function are equivalent by the 
Theorem 6 and Theorem 10 of Rosel?,. Notice that the identic function from the cofi- 
nite topology on an infinite set X onto the discrete topology on X is subweakly 
continuous but not SRC. The classical step function from El to Elis SRC but not 
subweakly continuous hence not weakly continuous. Thus subweak-continuity (resp. 
weak-continuity) and strongly rare continuity are independent of each other. Notice 


that the function g: Fl > E- defined as g (x) = x. Xo (x) is rarely continuous but 


not s. rarely continuous where Q denotes the set of all rationals in above. Therefore the 
evident implications 


weak-continuity > strongly rare-continuity > rare-continuity are not reversible. 
Strongly rare-continuity is also different with an another recent and weaker form of 
weak-continuity defined by Long and Herrington!! under the title of faint-continuity. 
The function defined in Example 2 of Long and Herrington! js faintly continuous but 


not SRC and the classical step function is not faintly continuous since it is easy to 


nee ee ; a ee . wie 
prove that t = t, ifft isaregular topology, i. e. continuity and faint-continuity are 


coincided for any function defined into a regular space. 
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Theorem 2—Let the function f: X -> Y be defined. Then 


(i) fis strongly rarely continuous at x € X iff x & (f 1 (Y¥ — Wr(a)))s for each 

Wy(z) © A(z). 

(ii) The set of all points of which f is not strongly rarely continuous is 
U ((f-1(U)). — f-1(U): UC Y¥ open). 

(iii) fiss. rarely continuous iff (f-! (U)), € f-! (U) for all open (or semi-open) 
ae | 

(iv) fis strongly continuous iff f: ¥ > Y. is Strongly rarely continuous. 

(v) fis strongly rarely continuous iff all the restrictions f | Gp (resp. f | Ky) are 

so where (Gu), (resp. (K,),) is an open (resp. locally finite closed) covering of X. 
(vi) f is strongly rarely continuous iff f is so on an appropriate basic neighbour- 


hoods of each point. 


Proor: (i) Let /f be strongly rarely continuous at x € X and Wrz) © H(z) 
be given. Then there exists a Gz € OP with (f (Gz))* — Wrz) = ¢ and so (f (Gz) 
OY — Wr))* = gic. x&(f1Y —Wr2))* is found. Sufficiency can be proved 
just reversely. 


(ii) If fis not strongly rarely continuous at x © X then one gets 
x € (f2A(Y — Wr2)))* — f(A — Wr). 


If conversely x € (f 1(U))x — f-1(U) for an open U C Y then there exists a Wr(z) 
E Wa) with Wrz) WU = ¢ and so the supposition of Strongly rare-continuity at 
x € X yields the existence Sine Goccorea with. (Gain). ¢ a contradictory 


result with x € (f°! (U))«. 
(iii) Let f be strongly continuous and U C Y be semi-open. Then 

(f-2(U))-e =(f1W))e USA — W))e C f1(W) =f 1 (0) 
where the open W satisfy W C UCW andsoU-WC AW holds. Sufficiency is clear 
after the previous item (ii), 
(iv) Notice firstly that if U is open and N* = ¢ in the space Y then cl. (U — N) =U 
holds by noticing (U — N)* = «U— BN= U7. Hence the statement follows from the 
condition (2) of Theorem | by the equivalency of being nowhere dense in the spaces Y 
and Ya; 
(v) After the Theorem (3i) only the sufficiency of the second statement will be proved. 


Let all the restrictions f | Ku be Strongly rarely continuous and Wrz) © A(x) be 
given. Then there exist the indexes 41, #25 --» #” and a Gz © Gfx such that 
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x€ (Vy cKpe,- Ge fi Oo Se 
kSan pA, 
kSn 


. k P 
There also exist nowhere dense subsets Ni, C ¥Y and neighbourhoods VV, € S?z with 
k _ k 
£U, O Kpr) C Wrz) 0 Ny. 
k 
Then by introducing a Vz € G®x with Vz C Gz 1) pet Vand the nowhere dense 
” 
Nw = U [Ny :k <n] C Yone easily gets f(Vz) C Wray) U Nw. 


(vi) Follows from (v). 


Theorem 4—(i) Allrestrictions and graph function of a strongly rarely continuous 
function are again strongly rarely continuous. 


(ii) Iff: ¥ > Yis continuous and g: Y > Zis strongly rarely continuous then 
g.f:X — Zis strongly rarely continuous. 


Proor: (i) Notice that the graph function gy of f satisfy gr = (ix x f) © jx 
where jx (x) = (x, x). Thus if fis s. rarely continuous then gf will also be strongly 
rarely continuous by Theorem 7i and Theorem 3ii. 


(ii) For any Wor(z) © Dor(2), one could find a nowhere dense Nw C Zand an 
Ur(z) © D(a) with g (Ur(xz)) C Wor(z) U Nw by the Strongly rare-continuity of g. 
Since there also exists a Gz € Dx with f (Gz) C Uf(x), the statement is now clear. 


Theorem 4—(i) 5-continuity, almost continuity S & S, §-continuity, weak- 
continuity, strongly rare-continuity and rare-continuity of an open function are equi- 
valent. 


(ii) A function fis continuous iff f is strongly rarely continuous and inverses of 
all closed nowhere dense subsets under J are closed. 


(iii) A function fis weakly continuous iff fis s. rarely continuous and it is weakly 
continuous on Wy. 


. 


Proor : (i) Every open rarely continuous function is weakly continuous!2 and 
therefore is almost continuous S & S19 and consequently is 5-continuous!3. 


(ii) Necessity is clear and sufficiency follows from the following lemma and (2) of 
Theorem 1. 


Lemma—The following are equivalent for any function a 
(1) fis continuous at x € Y, 


(2) ¥Wr2) © S42), 3 Gz € Wz, f- (cl (f (Gz) — Ws(2))) is closed. 
(3) Y¥Wr2) CD12), 3 Gr € He, x & cl (Gz — f-1 (Wr zy). 
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Proor : Notice that (2) > (3) by 


| Ge — F* Wray) Cf? 1S (Gz) — Wray) C £9 Y — W1(2)). 
The other implications are straightforward. 
(iii) Necessity is obvious. Now let f: ¥ — Ybe strongly rarely continuous. Then 
the inclusion f~1(U) C Ny U (f-1(U)), holds for each open U CY. In fact if a 


point x € f-1 (U) — Nr satisfy x & (f-1(U))» then there existaGz € O%z and 
Wrz) © D(x) such that 


(f (Gz))* € Wrz) C UU AU, (f(Gz))* NU =, 


One therefore would get (f(Gz))* € 2U and so(f(Gz))* = ¢ which is contradi- 
cting with x & Ny. Hence if fis strongly rarely continuous then Y — wer C Ny is 
obtained by Theorem 2 (iii) after noticing the formula 


X — WCr = U [cl (f-1(U)) —f-1 (U): U C ¥ open] 


which is true for any function f where WCy denotes briefly the set of all weak-conti- 
nuity points of f. Therefore if a strongly rarely continuous function satisfy Ns © WCr 
then X = WCry follows. 


Definition 2—The graph of a function f:X > Y is called strongly a-closed iff 
for each (x, y) & G (f/f) there exists a couple (Gz, Uy) € Dax x Hy so that (f (Gz) 
y)U* = ¢ or equivalently « (f(Gz)) ON Uy = $ where as usually G(f) denotes the 
graph of f. 

Remark 3: Functions with closed graph have strongly «-closed graph and fun- 
ctions with strongly «-closed graph have a-closed graph. In fact if G if) Gok oer 
is closed then (x, y) & G (/) implies the existence of a (Gz, Uy)E Da X Hy with 
(Gz x Uy AG(f) =¢or equivalently f(Gz) 1 Uy = ¢. The second statement 
follows easily from the basic inclusion on graphs (A x B) NG Ciera (fay sr 
B). In fact if (x, ¥) & G ( f) and f has strongly a-closed graph then there exists a 
(Gz, Uy) € Dz X Hy with (Gz x Uy) G(f))* = ¢ and so (x, y) & (G(f))* U 
G(f) = cle G (f) and therefore cl. G(f) = G (/f) are obtained. The function men- 
tioned in Remark 5 in the sequel has non closed but strongly «-closed graph. The 
function f: E! > E! defined as f (x) = xX — sup ((— e9, x} 1) Z) has a-closed but not 
strongly «-closed graph since G (f) C Fl x Elsatisfy (G(f))* = ¢ but f (Ge) 
U;)* # ¢ holds for each (k, 1) & G(f), k © Z where Z denotes as usually the set of 
all integers. 

Remark 4: It is known that a function with the closed graph defined intoa H- 
closed space is not necessarily weakly continuous® but is rarely continuous.!? 


Theorem 5—(i) If f: X > Y has strongly #-closed graph then (f-1 (K))- © f 


(K) holds for any almost compact K C YF. 
(ii) Functions with strongly «-closed graph defined into almost compact spaces 


are strongly rarely continuous. 
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(iii) . Functions with closed graph defined into H-closed spaces are strongly 


rarely continuous. 
(iv) The following are equivalent for functions defined into H-closed spaces: 


(1) fis strongly rarely continuous. 
(2) The graph of f is strongly «-closed. 
(3) (f-1(K))s € f-1(K) hold for all almost compact K C Y. 


Proor: (i) Let x & f-!(K). Then there exists a couple (Gz (y), Uy) © Wz 
xX Wy with ( f (Gz (y)) A Uy)* = and therefore (f (Gz (y)) 1 Uy)* = ¢ for each 
y € K. Since K is an almost compact subspace, there exists a Gx € O?x with (f (Gz) 
-\ K)* = ¢. Hence x & (f-! (K)), is established. 

(ii) Take any openU CY. Then(f-1(U)), = (f-1(U)), C f-1 (U) since all 
regularly closed subsets in an almost compact space are almost compact subspaces. 
The item now follows from Theorem 2(iii). 


(iii) Direct consequence of (ii). 


(iv) The implication (1) = (2) will be proved in Theorem 6i. The others were 
already established. 


Corollary (Long and Herrington!2)—Let f: X > Y be a function with closed 
graph where Y is H-closed. Then f is rarely continuous. 


Theorem 6—(i) The graph of a strongly rarely continuous function defined into 
a T2 space is strongly «-closed but not necessarily closed. 


(ii) Images of compact subspaces under a function with strongly «-closed graph 
are «-closed. 


(iii) Images of compact subspaces under a strongly rarely continuous function 
defined into a T2 spaces are «-closed but not necessarily closed. 


PROOF : (i) If (x, y) & G(f) then there exists a couple (Wy, Gz) E Dy x 
Ha with « f (Gz) ON Wy = ¢ since f is strongly rarely continuous and Y is a T> space. 
Hence « (f(Gz) M Wy) = ¢ and consequently (f (Gz) M Wy)* = ¢ are found. 


(ii) Let K C X be compact and y & f(K). Then there exists a (Gz, Uy (x)) E€ Rr 
xX Hy with (f (Gz) O Uy (x))* = ¢ or equivalently ( f(Gz))* Uy (x) = ¢ for each 
x € Ksince G (f) is strongly «closed. Then it is easy to see that there exists a Uy € 
Hy with (f(K))* 1 Uy = dice. (f(K) A Uy)* = ¢. Hence y & (f(K))* and so 
y & cle f(K) arc found. 


(iii) Follows from the first two items. 


Remark 5: The classical step function proves that a strongly rarely continuous 
function does not necessarily have closed graph even it is defined between two metriz- 
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able spaces since (k + 1,k) € G(f) — G(f) holds for each integer k in this ex- 
ample. Notice also that the function f defined in Remark 1! from E! into the cofinite 
topology on reals is strongly rarely continuous (even 5-continuous) but the images of 
compact subspaces are not necessarily closed. 


Remark 6: One way for obtaining the new strongly rarely continuous functions 
from the old ones is to product them by the first item of the following theorem just as 
for continuous and weakly type of continuous functions another way isto take their 
compositions with continuous functions, Another way is to take their compositions 
with continuous functions just as in Theorem (3ii). 


Theorem 7—(i) A product function is s. rarely continuous iff each factor func- 
tion is so. 


(ii) A function f defined into a product space is strongly rarely continuous if each 
composition of f with the projection mappings is strongly rarely continuous. 


Proor : (i) Let each fv: Xv ~ Y, be strongly rarely continuous and the point 
x = (Xy)y € M Xvis taken. Then the closure of any basic neighbourhood of (jv), = 
(I1fv) (x) = (fv (xv)) contains M In, (W (yv,) : Kn] i.e. the closure of a base mem- 
ber of the product space where W (yv,) € D2 (yv,) in the space Yv, and 7, denotes 
the projection mapping onto Xy. Therefore there exists a G (xv,) € D7 (xv,) with 
a fy. (G (xv,)) GC W (yy) for each k <n. Then one gets 


= -1 
a(foC Om) (Gv) Cal Om, (fy (G GD) 


zs 2 : 7 (x fu, (G (xv,)) 


where fo denotes briefiy the product function 7 fv. Hence the product function fo is 
strongly rarely continuous at x = (xv)v. Now conversely let fo be strongly rarely con- 
tinuous. Take any index y and any point xy € Xy. Then one easily creates a point 
x in the product space with 7y (x) = xy. So for any W ( fr (xy)) € HZ (fr (Xr) one 
gets : 
a (fr am) 22 (foC O m (G @,)) 


= () w (afy, (G(xy,))) O a fy (X%) 
k<n ‘k E r ‘¢ 


by the appropriately chosen neighbourhoods G (xv,,) € OD (xv,). Now whether the in- 


dex y satisfy y = ve fora k < nor not, the function fy will be strongly rarely con- 
tinuous at xy € Xy by taking the zy projections of the both sides. 


(ii) Left to the reader. 
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Remark 7: The first item of the following theorem is a slight generalization of 
Theorem 6 of Rose!?. The second item, stated independently by Takashi Noiri and 
the author gives a different version of aresult of Noiri which is expresscd in one of our 
correspondencies : Rarely continuous semi-open functions? are weakly continuous. It 
is also a strength version of Theorem 4i. 


Theorem 8—(i) f: X > Y is almost continuous H. iff f(U) C cl f(U) for all 
semi-open U C ¥. 


(ii) Almost continuity S & S, weak-continuity and strongly rare-continuity of 
an almost open Rose function are equivalent. 


PRoor : (i) We give here an independent proof. Let f: X — Y be almost con- 
tinuous H. and U C X besemi-open. Take anyx € U = 6U. Then Wrz) M f (U) 
= f(U 0) f-! (Wrz))) is nonempty since 


AU Of? Wa) 2 ad (UO lft Wray) DBU A a(S Wray) 
F~¢ 
are all nonempty for each Wr(z) © G77(xz). Sufficiency is a consequence of Theorem 6 
of Rose?’. 


(ii) A function f: ¥ + Y is called almost open Rose !7 iff f(G) C « f(G) holds 
for each open G C YX, i. e. images of all open sets are preopen. So almost continuity 


S and S of almost open Rose, s. rarely continuous functions follows easily by Theorem 
ii. 


WEAK* CONTINUITY 


We define the weak*-continuous function as the strongly rarely continuous func- 
tion f with the nowhere dense or equivalently empty Ny set. Then it is easy to see that 
by Theorem 4 (iii) every weak*-continuous function is weakly continuous but not con- 
versely. Notice that a strongly rarely continuous function is not necessarily weak*- 
continuous. This is immediate after considering the step functions. Therefore the 
following implications are not reversible 


weak*-continuity > weak-continuity > strongly rare-continutity. 


If f is weak*-continuous then ( f~1 (U))* C (/-1(U))» holds foreach semi-open U C 
Y. Hence by remembering the equivalency of G () A, + ¢ iff (G - A* = ¢ proved in 
preparations, we obtain the following characterization : 


Lemma—f: X -> Y is weak*-continuous iff (G A f-1 (U))* + ¢ imply 
(f(G) 1 U)* # ¢ for each open Gand for each semi-open U C Y. 


Hence the first item of the following theorem which is version of Theorem 8 (i) is 
derived. 


Theorem 9—(i) A weak*-continuous f: X - Y is almost continuous H. iff f (U) 
C (f(U))* for each semi-open U C Y. 
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(ii) Injective weak*-continuous functions into T2 spaces can only be defined on 
T2 spaces. 


(iii) Strongly rare-continuity and weak*-continuity are equivalent for almost 
open Rose functions. 


(iv) Strongly rare-continuity and weak*-continuity are equivalent for almost 
open S & S almost continuous H. (resp. semi-continuous) functions. 


Proor: (i) Notice only that if almost continuous H. function f is weak*-conti- 


nuous then the following will be obtained by using the same notation of the proof of 
Theorem 8 (i) 


(cl (U 1 f-2 (Waxy) D (C1 (U0 a f-1 (Wray)))* 
Decl (BUM af-1(Wrz))). 


(ii) Letf: X¥ > X be injective and weak*-continuous and let Y be a To space. 
Then if x  & there exists a couple (Gz, Wr(e)) © Dx X Dre) with « f (Gz) C Wr) 
(\= ¢ and so there exists a Use © OF; with a f (Gz) 1 «f (Use) = d. Hence « f (Gz 
Uz) = ¢ and consequently Gz (\ Ug = ¢ are found by the hypothesis of Nr = ¢. So 
different points have disjoint basic neighbourhoods in %. 


(iii) Notice only that Nr = ¢ holds for any almost open Rose function / since 
f (Gz) is contained in « f (Gz) for any Gr © Dz. 


(iv) These statements are straightforward consequences of Theorem 4.2 and 
Theorem 4.3 of Noiri’s paper?4 after (iii). 
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QUASI-STATIC RESPONSE OF A LAYERED HALF-SPACE TO 
SURFACE LOADS 
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The closed form expressions for the stresses caused by a two-dimensional 
shear line load acting on the boundary ofa semi-infinite medium consisting 
of a homogeneous elastic layer lying over a homogeneous clastic half-space 
are first derived. The correspondence principle of viscoelasticity is then used 
to obtain the quasi-static response when the elastic half-space is replaced by a 
Maxwell viscoelastic half-space. Numerical calculations performed indicate 
that the quasi-static stresses differ significantly from the corresponding static 
stresses when the medium is purely elastic. 


INTRODUCTION 


The well known Boussinesq solution to the problem of anormal static load on 
the surface of a semi-infinite elastic medium offers wide applications to loading pro- 
blems in geophysics and engineering. Transient crustal movement due to surface 
loading is of considerable interest in understanding the rheology of the earth’s crust 
and upper mantle. This phenomenon is considered to be controlled by a quasi-static 
process of stress relaxation is viscoelastic regions within the earth. In quasi-static 
processes, the stress equilibrium exists at every point at each instant of time. This 
permits the neglect of the inertia term in the equation of motion. The quasi-static beha- 
viour of the system is thus determined by the equation of equilibrium and equations 
relating stress, strain and displacement subject to boundary or initial conditions. The 
quasi-static deformation of a viscoelastic half-space by surface loads has been discussed 
by Lee!, Fung?. Christensen®, and others. 


In the present paper, we obtain the static stresses due to a shear line load acting 
at the boundary of a semi-infinite medium which consists of a homogeneous, isotropic, 
elastic layer lying over a homogencous, isotropic, elastic half-space. The correspon- 
dence principle of linear viscoelasticity is then used to obtain the quasi-static stresses 
when the half-space is Maxwell viscoelastic. In this model, the elastic layer repre- 
sents the lithosphere of the earth and the Maxwell viscoelastic half-space represents 
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the asthenosphere. Graphs for the shear stresses are drawn. It is found that these 
graphs differ significantly from the corresponding graphs for the elastic case. 


2. FORMULATION OF THE PROBLEM 


We consider a model consisting of a homogeneous, isotropic, elastic layer of 
thickness H lying over a homogeneous, isotropic, Maxwell viscoelastic half-space. We 
place the origin of a cartesian coordinate system (x, y, z) at the boundary of the semi- 
infinite medium and the z-axis is drawn into the medium (Fig. 1). Leta shear line 


O y 









Elastic layer ( p,) 







OPS ee 





Maxwell Viscoelastic 
half-space ( p, ,») 


Z 


Fic, 1. Section of the model by the plane x = 0. 


load R per unit length be applied at the origin to the surface z = 0 in the positive 
direction of the x-axis. We shall be considering an antiplane strain problem in which 
the displacement components are given by 


u=u(y,z), y=w=0, 


We first calculate the shear stresses Piz and pi3 at any point of the medium 
caused by a shear line load R acting on the surface z = 0 of the corresponding elastic 
model. We then use the corresponding correspondence principle of linear viscoelas- 
ticity to obtain the quasi-static response. 


3. ELastostatic SOLUTION 


In the antiplane strain problem, the displacement 7 (for zero body force) satis- 
fies the equation 


where 


v2 = aye +h a sas Site 
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A suitable solution of (3.1) is of the type 


co 
in k 
u = | (dem + Ber) ( sin 0 
| ( a ) MOOR N ...(3.3) 


where A, B may be functions of k. Then 


co 
du : cos ky | 
= a = A —kz kz ( 
Piz Facog oe (Ae-** + Be \ ad ) k dk ...(3.4) 
u ann , sin ky 
= —) = sz —A kz kz ( ) eee 
Pi3 le | (-- Ae~** + Bek) ee k dk (34) 


where » is the rigidity of the medium. 


We consider a semi-infinite medium consisting of a homogeneous, isotropic, elastic 
layer of thickness 7 lying over a homogeneous, isotropic, elastic half-space. It is 
assumed that the layer and the half-space are in welded contact. Leta shear line load 
R per unit length be applied at the origin to the surface z = 0 in the positive direction 
of the x-axis. Then the boundary condition at z = 0 is 

pig = — RB(y) ...(3.6) 


where 5 (y) denote the Dirac delta fudction. We use the representation 
co 
8(y) = | cos k y dk. HAs) 
0 


Equations (3.6) and (3.7) suggest that we must choose the lower solution (cos ky) in 
the expression (3.3) for u and other results related tou. The displacement u and the 


shear stress pig at any point are 


{ (Are-# 4+ Byek*)coskydk 0425 H 
0 


( 
| 
| 
u (z) = } 
(oe) 
| f Ase ** cosky dk z2 H 
Ls 3.8) 
if oo 
wy J (-Are“™ + B, ek") cos ky k dkO qez<AH 
0 
pis (z)= 1 
Co 
| — po J Ase * cos kykdk z2>H 
L 0 .--(3.9) 


624 NAT RAM GARG AND SARVA JIT SINGH 


where Aj, By and Ag are to be determined with the help of boundary conditions. 4 
is the rigidity of the isotropic elastic layer and yg is the rigidity of the isotropic elastic 
half-space. In the soiution for the region z > H, the coefficient of exp (kz) is taken 
as zero, since, otherwise, u — oo as z > oa. Using the boundary condition (3.6) and 
the continuity of the displacement (u) and the shear stress (p13) across z = H, we can 
determine the coefficients 43, By; and Ag. The substitution of the values of these co- 
efficients in (3.8) gives the displacement u at any point of the medium. The correspon- 
ding stresses can then be obtained by simple differentiation. Expanding the denomi- 
nator in a power series and evaluating the integrals, we find 


co 
at iecoy ee y 
1 | No (5 + 22 ) 7 > Nal QnH — ze 








P12 
n=1 
14 
+ y2 + (2nH + z)2 4 isa 
I — - 
ppiaiiiasel ns iy, (=-)- > {a Pe 
P13 rs é ol 2422 Na y+ OnH— a 
n=1 
= 2nH +z 
Fe Ona | ...3.11) 
for0 < z € Hand, forz > H 
2 Co 
mp ete y y 
= M Oe ee 
P12 = o ( y+ 22 ) = S Mn eae rer + Gn H+ep }] 
n= 
aitoile) 
oat i . 2n H 
13 7 [ 0 yp? + 22 = pie y2 + (2nH + z)2 
n= 
where ee YH bed 
- ‘ 
No = i = 2 al te 
a ( a + A) 3.14) 
Nese Rol } a He (ui — ue)” 
Seid lentuearnrt ote? 0 [ He to — sa (3.15) 


4. VISCOELASTIC SOLUTION 


We now use the correspondence principle4 to obtain the quasi-static shear stresses 
for a model consisting of an elastic layer lying over a Maxwell viscoelastic half-space 
For the elastic layer 


Piz = 21 €12, pis = 21 e13. (4.1) 
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For the Maxwell viscoelastic half-space 


| RSs l 

€12 Die Piz + ma P12 ...44,2a) 
Sagi GE 1 

€13 22 Piz + a5 P13 ...(4.2b) 


where y is viscosity and the dot (- ) signifies time-differentiation. Taking the Laplace 
transform of (4.2a, b) we obtain 


eS Se 
$22 = pus re ee - piz ... (4.3a) 
 pngligee i, 
$213 = TR pis + = pis .-.(4.3b) 


where s is the Laplace transform variable. We may write (4.3a,b) in the form 


faz = 2n5 @12, pis = 2ny 213 -..(4.4) 
where 


* SH2 
Bo = s+ 2-1 .2+(4.5) 


is the transform rigidity and + = %/p2 is the relaxation time. Time-dependence of the 
load function is taken to be a step-function i. e., 


R(t) = Ro H(t) ...(4.6) 


where H (t) is the Heaviside step function. Then 





a R 
R(t) = = (4.7) 


In order to find the Laplace transformed solution of the viscoelastic problem, 
it is only necessary to replace pe and R by itn and R, respectively, in the corresponding 
elastic solution. From (3.10) — (3.13), we notice that 2 and R occur only in the ex- 
pressions for No, Nn, Mo and Mn. Therefore, the Laplace transformed solution of 
the viscoelastic problem is obtained from (3.10)—(3.13) oa replacing No, Nn, Mo and 
Mn by No, Nn, Mo and Mn, respectively, where from (3.14), (3.15), (4.5) and (4.7). 


Ree 4 Mom oa eA (4.8) 

vi ve 49 

Nn = Ro Sn (s), Ma = . Gn (s) (4, ) 
(s B + A)" me itd Beek he 

Sn (s) 3 y+ A" ’ Gn (s) ee (s she Ajmer ...(4,10) 
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211 v1 — pe v1 + pe 
we pe ee (41D 
(v1 + p?) t H1 + pe pe alten 


In order to find the inverse Laplace transforms of Sn(s) and Gn (s), we use trans- 
form integrals listed in Erdélyi5. We find 


L-1 [Sn (s)] = 1 + exp (- n> 7 ae yin em (4.12) 


m=1 











L-4[Gn(s)] = | es ¥ (At) + Be AE t)n-m ] 


(n — m)! m! 





m=1 
exp (—Arf) ... (4.13) 
2 l 
L af on |- exp (— Af) .. (4.14) 
where 
ca 1 B n 
Fam (5) = ; [ tae (4.15) 


Equations (3.10) — (3.13), (4.8), (4.9), (2.12) — (4.14) yield (t > 0) 


Pe = | ote SON SE n> 





n=1 m=] 
Fam (— A) = y 
AE eats dk 
y2 + (2nH + 2/2 (4.16) 
—R 
ana (4 - SS {1 + exp (- At) 3 
n=1 m=1 
Fam (— A) pes \ in He 
(n— m)! (m — })! ee 


2nH+z 
~ + Serer on che) 
for0 < z € Hand, forz > H 


OR y co 
07 SS 
Piz = -| aS a (1 — B)” (At)n 
nC y2 + 22 + a y2 + (2nH <a} ee 


(equation continued on p. 627) 
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Br (1 — B)n-™ 
my Se (n era m)! v (At)n-™ \| exp (— Af) (4.18) 





co 
eek z fe SH 2nH +2 
mC | y2 + 22 y2 a ee, 


n=1 


n 


(1 — B)™ (At) B™ (1 — B)s-™ ers 
3 n! as (n — m)! m! (41) i] 
m=1 


x exp (Af). ... (4.19) 





Equation (4.16) and (4.17) give the quasi-static shear stresses at any point of an elastic 
layer of thickness H lying over a Maxwell viscoelastic half-space caused by a shear 
line load acting at the origin to the surface z = Oin the positive direction of the x-axis. 
Equations (4.18) and (4.19) give the quasi-static shear stresses at any point of the 
Maxwell viscoelastic half-space. 


5. PARTICULAR CASE 


We consider the particular case when the rigidities »1 and p2 are equal, i. €., 


41 = pe = p (say). ...(5.1) 
Equations (4.11) and (5. 1) give 
A= +1, B=0, C =2. ay ed, 


Using (5.2) equation (4.15) yields 





Fam (—A) = — im ey eke 
From (4.16) — (4.19), (5.2) and (5.3), we find (t > 0) 
aR Lis 
pi = —— ae ees ote tS fi-acm 5 4 et 
lig a hit ae BE a Ae is em (5.4 
‘ 158 7 QnH=ze * 2+ Qn + 2? } Gs 





ms = — |e > {1 = exp (—th9) > oe 


mH—-z nH tet | (5.5) 
X24 (nH—ze y+ (nH +2)? 
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for0 <z«& Hand 


co 
— Ro y (t/+)” ss || 
i ee Be y2 + 22 , n! y2 + (2n H + 2)? 








n=1 
exn (ote) eyo) 
_R (ts) 2nH + 2 
ris = a a D, n! srr er rt | 
n=1 
ay dar (5.1) 


for:s°—. #7: 


The case when ft = 0 corresponds to the elastic problem. Equations (3.10)— (3.13) 
and (5.1) then yield 








Pin = =o ( zr) ..(5.8a) 
BER 
rs = (sr) ...(5.8b) 


for every value of z (0 < z < cc) with R = Ro. 


Since we have taken »1 = po = p, eqns. (5.8a, b), in fact, give the shear stresses 
at any point z within an elastic half-space due to a shear line load R per unit length 
acting at the origin to the surface z = 0 in the positive direction of the x-axis. 


6. NUMBRICAL RESULTS 


In eqns. (5.4) and (5.5), we have obtained the expressions for the quasi-static 
Shear stresses pio and pi3 within the medium (0 <z< H) caused by a shear 
line load acting at the origin to the surface z = O in the positive direction of the x- 
axis. We wish to study the variation of these stresses with horizontal distance y and 
time ¢ for give n values of z. For this Purpose, we define the dimensionless quantities a, 
Y, T, Pig and Ps through the relations 


Z= aH, y=YH,t = Tr .. (6.1) 


Ro 
aH 18 


Using (6.1), equations (5.4) and (5.5) yield (T > 0) 


Ro 
Piz = are Pio, Pigs = 


y (oe) n-J “ 
=. Sar x ra ~ ig Y 
n=1 k=0 


(equation continued on p. 629) 
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n y 
oo n-1 Tk 
es ed 2n — & 
ot wi + > {t-ow-n > hare ce 
n=1 k=0 
2n + « 
ae ae ort (6.3) 


where Pi. and P33 are the dimensionless shear stresses. Y and 7 are, respectively, 
the dimensionless horizontal distance and the dimensionless time. For T = 0 eqns. 
(5.8a, b) give 


) f 


Pies ee yt gk ...(6.4) 
a 
Pigs = ya 7o8: ua (6.5) 
as the dimensionless stresses for the elastic case. We note that 
a el ge 
Y2 + (2n — a) Y2 + (2n + «)2 
hs 2Y (4n2 + Y2 + a2) (6.6) 
= fy? + (an — a2) [¥2 + (2n + 2) aaahee 
and 
on—« a 2n + «@ 
Y2 + (Qn—a)? Y2+4 (2n + a)2 
Qa [4n2 — (¥Y2 + a2)] (6.73 


= oe be i 1 Lot . 
[v2 + (2n — a)*] [Y?2 + (2n + a2] 
n_1 “ 
Since jexp (— T) >: ee } < 1 for all values of n and T > 0, itis obvious that 
k=0 


the infinite series appearing on the right hand sides of (6.2) and (6.3) converge at 
least as rapidly as the infinite series Dn}. In our numerical computation, we found 
that the first ten terms of this infinite series are adequate. 


4 exhibit the variation of the dimensionless horizontal shear stress Pie 
with the dimensionless horizontal distance Y for three values of z, namely, z = H, 
Hi|2, 0 and three values of the dimensionless time T (T = 0, ], 10). For all values of 
Tandz> 0, Piz= 9 when Y = 0 and whenz = 0, Pig tends to infinity as Y tends 
to zero [see eqns. (6.2) and (6.4)]. The graphs for 7 = 0 correspond to the elastic 
case. From (6.4), we find that, in the elastic case, the shear stress P12, for all values 


Figures 2- 
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2/4905 





Fic. 2. Variation of the shear stress P,, Fig. 3. Variation of the shear stress Pj» 
with the horizontal distance Y when with the horizontal distance 
z= H. Y when z = H/2. 








Fic. 4. Variation of the shear stress P,, Fic. 5. Variation of the shear stress Pi3 with 
with the horizontal distance Y when the horizontal distance Y when 
z= 0. z= H. 


of z, tends to zero as ¥Y tends to infinity. We note that the deviation of the viscoelastic 
solution from the elastic solution increases as z increases for a given value of Y. 


Figures 5-6 show the variation of the dimensionless shear stress P13 with the di- 
mensionless horizontal distance Y for two values of z, namely, z = H, H/2 and dif- 
ferent values of the dimensionless time JT. The graphs for T = 0 correspond to the 








Ye y/H 








se } 
Fic. 6. Variation of the shear stress Pig with the horizontal distance Y when z= H/2. 
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elastic case for which Pj3 = — H/z when Y = 0. Also, Pj3, for all values of z, tends 
to zero as Y approaches infinity [see eqn. (6.5)]. For z= H, the graphs for various 
values of T are quite different from the graph for the elastic case (Fig. 5). For z = H/ 


2, there is only a slight difference between the graphs for the viscoelastic case and the 
elastic-case (Fig. 6). 
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A NOTE ON THE SQUEEZE FILM LUBRICATION WITH 


NON-NEWTONIAN FLUID 
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Department of Mathematics, Karnatak University, Dharwad 580003 
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A systematic analytical study of squeeze film lubrication between two appro- 
aching parallel surfaces is presented by considering second order fluid as lubri- 
cant. The closed form expressions for the average pressure distribution, load 
carrying capacity and time of approach have been obtained. The pressure 
and load capacity are found to increase significantly as compared to the 
Newtonian case, The time-height relation indicates that the time of app- 
roach for second order fluid is delayed considerably in comparison with the 
Newtonian fluid of the same viscosity. 


h (t) 
h(to) 





NOMENCLATURE 
The first two Rivlin-Ericksen tensors 
functions of h [defined eqn. (23)] 
film thickness at time ¢ 


film thickness at time ¢ = fo a reference time 


Ratio of film thickness at any two times f and fo 


Characteristic length 

Functions of x given by eqns. (11 & 12) 
Dimensionless parameter [defined in eqn. (27)] 
Pressure in the film region 

Average pressure in the film region 

Dimensionless average pressure (defined in (eqn. 24)] 
Stress tensor 

Time of approach 


Dimensionless time of approach [defined in eqn. (26)] 


* Department of Mathematics, S. D, M. Engineering College, Dharwad 580002. 
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u,v Velocity components in x & y directions respectively 
Vo Velocity of approach 

V Velocity vector 

W Load carrying capacity 

W Dimensionless load carrying capacity (defined in eqn. 25) 
x,y Cartesian co-ordinates 

Pb , Dimennsionless cartesian co-ordinates 

«= 3 Dimensionless film thickness 

» = ¢0 Newtonian viscosity 

p Density 

gi Material constants of the fluid (i = 0, 1, 2). 


1. INTRODUCTION 


The mechanism of lubrication of machine parts, that come into direct contact is 
aimed at the elimination of destructive heating, minimisation of wear and increasing 
mechanical efficiency. The lubricant prevents direct contact of surfaces with one an- 
other and forms uninterrupted fluid film between two mutually opposing parts of 
machine to which it is applied. When two surfaces containing lubricant in between them 
approach each other, then the fluid is squeezed resulting in the build up of pressure 
which helps in avoiding the possible contact of surfaces. This is termed as squeeze film 
lubrication. The relevant literature on squeeze film lubrication can be found in Moore! 
and Archibald2. The lubricative action depends mainly on the material properties of 
the lubricating fluid. An effective lubricant should possess a preferable degree of viscosity 
and should be chemically stable and inert towards metals. Most of the commonly used 
lubricants are thick polymer solutions exhibiting rheological characreristics such as 
normal stress differences in shear flow. The rheological behaviour of thick polymer 
solutions can be adequatety described by the constitutive equation for the second 
order fluids due to Coleman and Noll’. The objective of the present article is to 
study the squeeze film lubrication with second order fluid as lubricant between two 
parallel plates wherein the upper plate approaches the lower plate with a finite velo- 
city. The influence of lubricant rheology on lubrication characteristics has been ex- 


amined. 
2. MATHEMATICAL FORMULATION AND SOLUTION 


An incompressible homogeneous second order fluid in motion is governed by 
Coleman and Noll’s constitutive equation 
S = — pl + ¢0 A1 + $1 A2 + $2 Aj aay 
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where S is Cauchy stress, —p/ the spherical stress due to incompressibility, 41 and Ao 
are the first two Rivlin-Ericksen tensors defined by 


A, = grad V + (grad V)? .. (2a) 
As = As + A, grad V + (grad V)? Ay ...(2b) 


I! 


where V is the fluid velocity, 40, 41 and ¢2 are the coefficients of viscosity, viscoela- 
sticity, and cross viscosity, respectively. The dot in eqn. 2 (b) denotes the material time 
derivative. We consider the two-dimensional squeeze film of such a second order fluid 
formed between two parallel plates where the upper plate is approaching the lower plate 
with a finite velocity Vp. The origin O is chosen at the centre of the lower plate, the 
x-axis is chosen along the lower plate and y-axis perpendicular to it. Let (u, v) be the 
velocity components in x, y directions respectively. Let h(t) be the gap width between 


the two plates at time ¢ and 2Z be the length of the plates. Hence Vo = The 


dt 
flow in the fluid film is governed by the following equations of continuity and motion4’5 
Ou dy 
ee + ay 0 a8 (S 
le Op _82u la Ou Ou 63 u 
P ax : artels By? ax Avg Sy ie dx d y2 
62y ou dv @u a3 y 
ay dy 214d Vaasa eae: 
Ou a2 y 
+ 2y Oy “Ox oy (4) 
1 ow du 824 
P ay = 2 (28 +'y) dy oy tod Bo 


where p is the pressure and 
v= dolP, B = g1/P, y = do/p. -.-(6) 


Equations (3), (4) and (5) are subjected to the following boundary conditions, 


u=0,v=O0Oaty=0 oie) 
u=0,v=—Voaty=h ...(7b) 
p=0 atx =+ UL, ...(8) 


Following Tanner®, we seek the solution of equations (3) to (5) in the form? 
u (x,y) = m(x)y2 + vn (x) y oil) 
where the functions m (x) and n (x) are to be determined. 


equation (3) after the substitution of the veloci 
boundary conditions (7), we obtain 


Integrating the continuity 
ty profile given by eqn. (9) and using the 
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1 dm ia 


‘y= -= 7 »- > » ...(10) 
m (x) = (—6 Vox + C)h-3 Re ay 
n(x) = -— (6V9x+C)h-2 ... (12) 


where C is the arbitrary constant to be determined. Using the equations (9) and (10), 
eqns. (4) and (5) reduce to 


1 @ d d 

7 = =—2vm+4(28 + y) 5 (mm) + 4(28 + vy Ge (mn) 
(38 + 2y) d 

+ os = 4(28 ++) m(2my + 2). ...(14) 


Integration of equations (13) and (14) yields 


p(x, y) = Ivf mdx + 4 (28 + x) my? + 4 (2B + x) mny 


a6 (38 : 27) n2 + D (15) 


where D is an arbitrary constant to be determined. The average P of the pressure dis- 
tribution p (x, y) across the film thickness / is given by 


=| = 


h 
| p (x, y) dy ...(16) 
0 


which, on using eqn. (15), yields 


Ly eo | mdx + % (28 + x) mh (2mh + 3n) 


p 
+ 4(38 + 2y)n? + D. LL) 

Using equation (8) the eqn. (16) reduces to 
Peeldstx= & L. (18) 


After using the equations (11) and (12) in eqn. (17), the constants C and D satisfying 
the condition (18) are obtained as 


C=0 


| 


6 or 
DaavVol?— 7 P+ * oe 
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and the average presssure distribution P is obtained as 





6 
P = re (L2— x2) + 72 (+2) V2 @2— 1). ...(20) 
The load carrying capacity W is defined as 
L 
W= { | p (x, y) dx dy. my i$) 
-L 0 
Using equations (16) and (20) in (2!), we obtain 
W 8V_ L3 V 
pt oe Bee eD |. .. (22) 


Solving the equation (22) for Vo, the time-height relation for a constant applied load 
W is obtained in the form 


h(t) 
Tan 2 (oo AO ah 
. Sz (h) + Vf3(h) — 4W fy (h) 


to) 


Ziteas 


where 


fii)= SE (a + $0) 


8do L3 
fi) = OS 


T=t—t 


and fo is the reference time. The non-dimensional average pressure distribution P, load 
carrying capacity W and time of approach 7 can be obtained as 


P h2 6 P 
Sen 8 
W = oar — (Ns) ...(25) 
> ¢o T 1—(I — 1/2 
(1 + 2a) toe [ I+ (I= ¥ Ba A172) 
2 
er ot ee ae 
4 Nog 1 5-4 Bae 2 
1+ (1 ~— } Ba)ir 1 +(1—38Bn) 12 


...(26) 
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where 


% = x/L 
e= h/L 
Rais Aen 27) 
0 
H = h(t)/h (to) 
pp — rt 2d2) Wh (10) 
sat 63 13 . 
Thy 
10° 
04 
8 
Q A 
10° oe 
D 
\ 2 
Bea Newtonion 
102 
iy 
\ 
t 
10! 
“A 0-6 08 +0 
0 02 04 A | 
Fic. 1. The dimensionless axial pressure distribution for various fluid samples A — E 


(L=10,;h= 0,01, Vo = — 9.5). 
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3. DiscussiON AND CONCLUSION 


For the purpose of numerical calculation, we have taken the values of the mate- 
rial parameters from references Lai et al.8. and Markovitz9, which are given in Table I. 





TABLE [ 

Fluid Description do 1 $2 

(p) (ps) (ps) 
A Normal! old human synovial fluid8 21.6 —24.1 48.2 
B Normal young human synovial fluid® 82 —975 1950 
cS Osteoarthritic fluid’ 2.5 —0,.025 0.05 
D Polyisobutylene in cetane® 5,4% at 30°C 18.5 —0,2 1.0 
E Polyisobutylene in cetane® 5.39% at 30°C 18,5 —0_32 1.12 


SS 


The Fig. 1 shows the axial pressure distribution. The pressure build up for second 
order fluids is found to be considerably higher than that for the Newtonian fluid of the 


ie 





=i 


Newtonian 






106 10% 10% io 


eae Ne 


Fic. 2. The dimensionless load carrying capacity WwW vs € for various fluid samples 4A—E 
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the same viscosity which can be distributed to the normal stress effects. The graph of 
load carrying capacity W versus « is given in the Fig. 2. The load carrying capacity for 
second order fluids is significantly higher than that for the Newtonian case. Also, from 
the Fig. 3, we observe that the time of approach for second order fluids is found to be 
delayed in comparison with that for the Newtonian fluid. From Figs 1—3, it is 
observed that fluid samples with larger numerical values of ¢1, ¢2 yield higher load 
capacity and delayed time of approach compared with smaller values. This implies 
that the possible contact of lubricating surfaces is delayed for a longer time in case of 
second order fluid lubricant. Thus, the second-order fluids behave as effective lubricants. 


24 


zz 


5 tonian 





0°2 ZB 


7 08 06 04 02 


Fig. 3. The time.height relation for varions fluid samples A — E 
(L = 1.0; ho = 9.1; W = 100). 
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CIRCULAR ORBITS OF CHARGED TEST PARTICLES IN 
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Criteria for the existence and stability of circular orbits of a charged 
particle in Reissner-Nordstrom field have been discussed using the path 
deviation equations. Vibration frequencies in the orbital plane and the plane 
perpendicular to it are determined and the Shirokovy effect or the Einsteinian 
theory of gravitation is obtained in the presence of charges. 


1. INTRODUCTION 


In this paper we have discussed the existence and stability of circular orbits of 
a charged test particle in the Nordstrom field using the path deviationequations. In 
the absence of the central charge the discussion reduces to that of the motion of a 
particle in the Schwarzschild field and we get back the effect of the Einsteinian theory 
of gravitation obtained by Shirokov!. Even in the case of the motion of a neutral test 
particle in the field of the charged central body we get the additional gravitational 
effects due to the central charge obtained by Howes? for the Nordstrom metric in the 
absence of the cosmological constant. 


A comparison of the two results, namely, the results of this paper and the one 
obtained by Shirokov reveals the additional graviational effects which are called into 


play due to the presence of the charges. 


The equations of motion of charged test particle of mass mo and charge eo are 
given by generalized Lorentz equations 


Da Senko F8 -.(1.1) 


where u! (= dx!/ds) is the unit {-velocity of the charged test particle and a semi-colon 
(;) denotes covariant differentiation. The path being given by eqns (1.1) the deviation 
equations with the help of the results given in Synge® are obtained in the form 
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dei ‘ dk a yy) wu ED 
mr +2r,w( 5 )+ 2 (rt, urUurs 


cz) i ( 4d iW k é : i} 
ree pets ( Ger) hats Geasaeek axe (F) ee 2) 


where & is the small four vector whieh gives the deviation of the test particle from the 
fiducial path 


2. CIRCULAR Orsits IN THE NorDSTROM FIELD 


The gravitational field of a central charged body is described by the Reissner- 
Nordstrom metric 





ds? = — (1 - an + _ ja dy? — 2 (de? + sin? 6 dg?) 
2 
+(1— 24 2) aes (2.1) 


The only surviving component of the eletromagnetic field tensor Fij is Fy, = e/y2. The 
arbitrary constants of integration m and e appearing in eqn. (2.1) are identified as 
mass and charge of the gravitating body respectively. 


In order to determine the expressions for basic velocities in the Nordstrom field 
we suppose that the fiducial path is a circular trajectory with y = constant in the plane 
@ = 7/2. This gives ul = dv/ds = O and u2 = dé/ds = 0; and the only non-vanishing 
components of the velocity are v3 = d¢/ds and ut = dt|ds. From equations of motion 
(1.1) and the line-element (2.1) we get respectively 


w—( 3 - S)w+ (5) a (2.2) 








73 
and 
2m e2 
ag (1 - re < ) (uty — At 
(us)? = We RUN EE ORs RR or: (aaa) 


From these equations the explicit expressions for the components u® and u4 are 


obtained as 
2m 262 3m 2e2 2m €2 
earn Si eas BEBE Es ] wn eon ee oe ey eet elt an ae, 
(3 Saat Yt tO ons ) 
€ 


y2 
€ 
x bt Se )e age ik 
ry, RS ae dd a § m 


0 ~ 
CS 2k fo 


v2y(1— My 2s ) 
i Y 


(equation continued on p. 643) 
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3m 2e2 fo. «2 
(is B)+ Zeya noe 


and 





m: v2 


3m 2€ 
20- + 4), (2.5) 


£0 38% 3m 2 2 ; e2 e2 
re + ( 4(1- + —5)+ ° +) 
2 


For the circular orbits to exist “3 and n* must be real i. e. 
(u3)” > 0 and (ut)? > 0 -..(2.6) 


and this determines the existence region. Which is same as obtained by Howes? in the 
absence of the cosmological constant for aneutral test particle. Therefore we may con- 
clude that charge of the particle does not have any effeet on existence region. 


To discuss the stability of the circular orbits we impart a small momentum dis- 
trubance dé*/ds to the orbiting test particle. If stable, its consequent vibrations may 
be in the orbital plane and also in the plane perpendicular to it. Since @ disturbances 
are independent of y, ¢, ¢ perturbations we consider equations (1.2) with i = 2in 
order to discuss the stability in the plane perpendicular to the orbital plane. 

This gives 
d2 &2 





an fee eh 0. aes 
The solution of this equation is 
E2 — £2 eins SfES) 
where 
ao = (u3)”" vaslaso) 


In the region where the circular orbits, will be stable to disturbances perpendicular to 
orbital plane for real Q which is the situation in view of eqns. (2.6) and (2.9). The 


periods of these vibuations will be 27/Q. 
To examine stability in the orbital plane we consider eqns. (1.2) with i = 1, Py 


and obtain, 


Z 4 
he FS os hee ae at Ask tO (2.10) 
5 
Ag hk (2.11) 
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and 
oe +0 a 4 Co &3 + Cs &4 = 0 

where 
a = — 2y (1-2 + “a 
wn(1- 84 $) (8B )ee 2] 
as = (—14 S ) eae + {97 4 > = an _ 2m 

«(2-9 )}e 
b= = us 
Se GE ee gS] 
7 78 

m= — OS yg 


In order to solve eqns. (2.10) — (2.12) we make use of the substitutions 


Bl = Ep etme; = Eb eter and Ef — £4 etes 
is eqns. (2.10) - (2.12) and obtain 


(a3 — w?) Zs + ay (i w) ES + az (iv) ES = 0 


b (iw) & + (—«2) Ee ma. G 


and 
¢1 (im) E + ce e + (cz — mw?) = 0. 


For these equations to yield non-trivial solutions we require 


sasl2, 12) 


(2.15) 


...(2.16) 


232.19) 


-+(2.18) 


...(2.19) 


...(2.20) 


sea(2i21) 


.+.(2,22) 


yeu 2y23) 
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(a3 — w?) ay iw a2 iw 
biw —w2 0 = ( .-(2.24) 
cy io C2 (cz — w2) |- 


This gives on simplification the square of the vibration frequency in the orbital plane 
as w2 = 0 and 


— (a2 c1 + a, b — ag —cz) + [(a2 ec, + a1 b — ag — c3)2 


@2 = "4 (a3 c3 + ag beg — ay be3)}1/2 


eveES 


where aj, do, a3, 5, c1, cz andcg are given by equations (2.13) — (2.19). Stability to 
disturbances in the orbital plane requires w? > 0 and the period of these vibrations is 
given by 2n7/w. The Shirokov general relativistic effect in the presence of charges is 
given by the difference in the periods of vibrations namely, by 27/Q -- 27/w where © 
and are given by eqns. (2.9) and (2.25) respectively. Although the existence region 
of the circular orbits and the stabilty to the disturbances prependicular to the orbital 
plane are independent of the terms involving eo//o but the stability to disturbances in 
the orbital plane is effected by terms involving eo/70. However it is difficult to express 
the ettect of such terms explicitly. If we take e9 =0 in the above equations we get the 
results obtained by Howes? for a neutral test particle in the Nordstrom field with A =0 
and if we put « = 0 in the above equations we get the results obtained by Shirokovol. 
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The problem of propagation of Rayleigh waves in a semi-infinite elastic 
medium having a vertical non-homogeneity has been considered following 
Beltzer!. The variances of the displacements and velocities for a stationary 
white noise at a point on the boundary has been numerically evaluated. 


1. INTRODUCTION 


Earthquakes and random material defects give rise to Rayleigh waves of 
strengths randomly varying with frequency. Beltzer! considered such waves for elastic 
and viscoelastic media. He assumed the medium to be homogeneous. !t is natural 
therefore to ask how the response will be modified for a non-homogeneity of known 
type. We have investigated here the problem of random waves generated in elastic 
non-homogeneous medium. In order to make the problem tractable the vertical non- 
homogeneity is assumed to be of a type admitting decoupling of the equations of 
motion. The variance of the displacements and velocities are obtained and are 
compared with the values obtained by Beltzer!. 


2. RAYLEIGH WAVES IN NON-HOMOGENEOUS IsoTROPIC MEDIUM 


Let us consider the propagation of a plane wave through an isotropic elastic 
non-homogeneous half-space with a free plane boundary. 


For simplicity we take the boundary as z = zy with positive z towards the 
interior of the solid and take the plane wave travelling in the x-direction. Stoneley 
[see Ewing p. 350] took the equations for two dimensional motion as 








e2 Ur Our 7) Ou ou 

ik ee ( Ad + 2p eo ) “> iz { fe (4 t - )} --o(1) 

02 Uz fa 0 Cue Cuz é Ou 
aa a Pel ge a )h+ & (29+ mF), 


TakingA=p=a function of z only and P is also a function of z only, 


Put we =u //u and uz = Ti VAT ...(3) 
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then the eqns. (1) and (2) become 


p e2 u' a2 u’ é uy! 02 ut 
cP eee y; ae ave 0x2 este Oz ax Rig A dz2 


‘ 2 ‘ 9 
4 u’, (4) Mein ep 
4u32 \dof 2 fp dz 


2 ‘ ‘ ‘ ‘ 
e? ui’ a2 y 02 u 62 uy’ 


2 


p 
; x 
Vp ore seth as ax2 Te VE Spgs OCH az2 


‘ 2 ‘ 
eit (4) pinay 
43/2 dz 2p dz2 ° 


Taking » = po (z/zo)2 = and P = Po (z/z0)? 


where 9, Pp are constants, then (4) and (5) reduce to 


eeu. O2 uw ‘ oz u" 02 u" 
gers |” Soxt  * a2 bx “art 


02 ui’ 62 y' eu’, 2 ui! 


Taking 
OG met, OVE as od oy 


Se —i SU a 


r 


Wa Ox Of? 4 ax * 


¢, # being functions of x, z and ¢ only, then, from (7) and (8), we get 





a¢ 
2 Le RSS 
a Vd = or? 
2 _ &y 
Bo Vv? p — or2 
where 
2 _ 3H0 8° pa 
SRA 6p, 40) *0 Po 
and 
22 2 


Assuming a wave travelling in the x-direction of wave length 2n/k, 


647 


...(4) 


...(6) 


‘aed 


...(8) 


...(9) 


...(10) 


me HD 


jC i2) 
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We get 

$ = g (z) exp (ik (x — ct)) 

) = h(z) exp (ik (x — ct)). ie 
Substituting (13) in (10) and (11) we get 

g(z) = A, e* and h(z) = Ag e-* 


where 
c2 7 
p=k(1- G)ie<a 
wah \ ...(14) 
c2 
eee ay le | 
= Ke( 1 es J 
¢ = Aye™ exp (ik (x — ct)) A E 
ub = Age exp (ik (x — ct)). ...(16) 
The boundary conditions 
tzz = Tzy = Tez = 0 onz= Z1; give 
) 
Ayike™) (2rzy + 1) + Ao e-% [(k2 + s2) z1 + s] = 0 t 
Ay e-"*! [zy (372 — k2) + 37) — Avike (2u5+ 3)=0 | 
apa a} 


Eliminating A; and Ae we get the frequency equation 
c2 c2 ( c2 y] 
: 2 l- += l—-+=y)-[(2-— 
tiele[ aa/(1~ ae) (1 -pr) z 
+ (of =a eae 
talk se (34/1 ~ ger) +a] 1 


+3-34/( i= ee) (i=) =o (18) 


The above equation is consistent with values of c/o greater than a fixed: number 
€ (the fixed number & represents the Rayleigh wave velocity in a homogeneous medium 
with 69 as S wave velocity). Hence the possible Rayleigh waves in the medium under 
consideration have velocities ranging from & to 1, and the corresponding frequency 
from 9 to cc (wo is the frequency corresponding to wave velocity &). We shall 
consider random Rayleigh waves with frequencies lying in the above range. 


Now we can write the displacement wz and wz in the following way 
uz = BFyz (x, z) e tket 
Px OL) 


uz = BF; (x, z) e-tket 


RANDOM RAYLEIGH WAVES 649 


where 
Fr = Zk a | —7s __ s (2rz; + 1) -121 ,8(z)-2) } 
x Vu Zz e re (EE ae (k2 32) : .e ‘eu ak etka 
KF, = - [ — pore k2 (2rz, + 1) -12 ,8(z;-2) | 
z VJ pe a ref? + a TER hy ey 2 + 2) =e he 1 etka ; 
...(20) 


3. Basic EQUATIONS IN THE RANDOM CASE 


Making use of the arbitrary nature of the value Bwe can introduce a random 
complex process B(w), w» = kc, with zero mean and uncorrelated increments such 
that for any interval (1, 2) (Beltzer!). 


eee ey 8 (a) | 2 Sf Sp (a) do 21) 
a 


where < > denotes averaging and Sz is the spectral density. The stationary random 
Rayleigh waves are now defined as stochastic integrals which describe the super- 
position of the waves given by (19) 


ut (x, z,t) = i Fi («@, x, z) e~tt dB («), (i = x, Z) ...(22) 


where Fi are given in (20). 


The waves defined by (22) can be described also in the form of stochastic 
integrals 


us (x, 2,1) = Fy Brist ZEe (tax, t), (mex 2) 23) 


where Et («, x, z) describes complex amplitudes at apoint (x, z) for random processes 
with zero mean and uncorrelated increments. 


By comparison between (22), (23) we get 


Fi (5, x, z) dB(8), (-e9 < w< oo) .. (24) 


eed 


Ex (w, Xs z) = i 


‘ 
andthe spectra s, are given by 


St (0, x, 2) = Sp (w) | Fe(@, x, 2) 1% & = % 2). ...(25) 
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We consider the random motion at the point (0, zi) to be prescribed. We get 
the complex random amplitudes and the spectra during propagation from (24), (25) as 


Et (w, x, z) = if fa (8, x, z) dEt (8, 0, 21) (26) 


and 


Si (0, x, 1) = SE (0, 0,21) | fa (, x, 2) | 2 27) 
where Ei (w, 0, z1) and a: (@, 0, z1) are the amplitudes and the spectra at (0, z1) and 


ft (w, x, z) = Fi (a, x, z)/ Fe (w, 0, 21), (i = x, 2). .-.(28) 


The pr ocesses i (x, Z, 1) are not independent and (24), (25) yield the coupling 
equations between their random amplitudes and their spectra : 


Ea (:, x. 2) -/ Yas (8, z) dEs (3, x, z) 29) 
and 
: Sp (0, x, 2) = SE (wr x, 2) | dee (o, 2) | 2 ...(30) 
where 
are (w, z) = F, (w, Xs 2)/ Fz {o, as z). > ss (31) 


4. RANDOM RAYLEIGH WAVES IN NON-HOMOGENEOUS Evastic MEDIA 


The functions ft (w, x, z) and Uzz (w,x,z), which govern the evaluation of the pro- 


cesses ut (x, z,t) and the coupling between them can be written according to eqns. (20), 
(28), (31) in the following way : 


fz (», x, z) = Z| er a Pet ef) = Pie) Se ikx 
1 


moe ..(32) 


PAGS) | 


z | —re"(4~’) + Pk? ¢8(?1-*) | 
@®, x, = Ay 
te ( 2) Py ary) eqkx 


Vaz (a, z) = ik | Seer | 


tee re™(?4~*) + rk%e8(*1-2) ...(34) 


where 


Es 2rz1 + 1 
Z1 (k2+52) +5 -~(35) 
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and r, s are given in (14). 
Let S be the intensity of a white noise disturbance in the x-direction at r = (0, 21): 
Ss (o, 0, z1) = S;! w | <oo, ...(36) 
Then from (31) & (34) we get 


S (—r + Pk?) 


S,(, 0,21) = 2 (L— Ps? ; H(37) 


Then we get, the variances of the displacements and their nth derivatives as 
co 
Var [u” (x, z)) = | w2n Se (w, x, z) dw 
—-o 


foe) 


= | w2n | fi (w, x, Z) | 2 s (w, 0, 21) dw. ...(38) 
-co 
So, we have the result : 
(4-4) (4-4) 72 
(n) z et(#4-*) — Pses4-” a 
Var [u\” (x, z)] = | (20 [2 | S dw ...(39) 
~ 60 
and 
t res-*) + Pk2 e8(*4-) 
(ny Del gy tas Seah Wl poe NaS ORAS. 
Var [u, ) (x, z)] | w@2n Be ees | S dw...(40) 
-o 


where P, r, s, are given in (35), (14). 


5. DISCUSSION 


duz duz 
i us, Ue and——>, 7 
The variance of wz, vz an =P Pr 


respectively against 2/21. Curves of the form var (uz) = constant/z™, and similarly 
for others, have been fitted to the data in order to compare them with the homoge- 
neous case of Beltzer!, The values of n obtained are as follows : 

dus dug 


have been plotted in Fig. 1 and Fig. 2 





Homogeneous case 1.0 1.0 <M 3.0 
(actual value) 
Non- homogeneous case 0.334 2.106 1.020 2.474 


(data based) 
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Variances of displacements Vs z 
Fic. 1. Variances of displacements Vs z. 
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Fic. 2. Variances of velocities Vs z. 
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The vertical non-homogeneity considered in this problem therefore diminishes 


; di , 
the change of variance of uz, a : oe with depth compared to the homogeneous 


case, while var (wz) increases with depth relative to the homogeneous case. 
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